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Abstract

Let B, () represents the [ regular cubic partition pair. In this paper some infinite families of
congruences and some Ramanujan-type congruence modulo 4 and 8 will be established for
B,(n) and B3(n) such as

3. 20:+2+1
B, (2. P2+l (pn + ) + pf) = 0 (mod 8)

3 p2a+2 + 1)

B, (12.;02‘”1. (pn +u) + — 5 0 (mod 4)

Keywords: Partition, cubic partition, congruences, dissection.

Introduction
A partition of a positive integer 11 is a non-increasing sequence of positive integer, known as

parts, such that sum of the parts is 7. It is denoted by p(n) with p(0) = 1.
The generating function of p(n) is given by

oo

1
Zp(njq IRCI

n=0

where for each complex number a, g with |g| < 1,

@a.-] Ja

n=0
_ C'I,E}'u)

and f, = (g%;¢%).,

Ramanujan [ 2 investigated the arithmetic characteristics of p(7). He found the three
congruences for all n >0

p(5n+ 4) = 0(mod5)
p(7n+5) = 0(mod7)
p(11n+ 6) = 0(mod11)
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Chan in several paper 34 9 initially examined the cubic partition of a positive integer ™. It is denoted by a(n) and the generating
function for @(1) is given by

o0

1
Z a(n)g™ = F
12

n=0

Motivated by Chan’s work, Zhao and Zhong [6] explored cubic partition pairs, represented as b(”j, and the generating function
is given by

- 1
b(n)g"=——
; fff:'

=1

For each positive integer * a partition is said to be I —regular it none of its part are divisible by I Itis denoted by

b; (1) and the generating function for 2: (") is given by

Z b(n)g" = i
n=0 fl

For example, »s(4) =4 givenby 4 2+2 2+1+1, 1+1+1+1
The I = regular cybic partition pair is denoted by 5:() and the generating function of B:(1)

is defined by
N i3
B(n)g" =55 (1.1)
HZ:; iy

Naika & Nayaka [7], established several congruences for Bi(n), Gireesh & Naika [® also studied the arithmetic properties of
B3(n) and Ba(") and proved several infinite families of congruences. Recently Wen ! derived congruences modulo powers of 2
and 3 for Bs(1)-

Preliminaries.

In this section we will list some 9 S€T€5 jdentities and some 2-dissection and 3- dissection formulas which we will require to
establish our result.
Ramanujan's general theta function [10, p.34, Equation 18.1] is defined by

= :lz':n+1:l :lzl::lz—l:l
Flab) = Za—f b7, |abl<1
n=0

Using Jacobi’s Triple product identity [10, p.35, Entry 19], fla,b) can pe expressed as

fla,b) = (—a;ab)_.(=b;ab)_.(ab;ab).,

Three special cases of f(a,b) are [10, p.36, Entry22]

oo . ﬁ‘S

= = k = —
$(a) = f(a.9) Zq o
= kk+D) -2
$Eq)=qu,q3)=Zq & =f—

n=0 1

kiak+1)

fe=fl-a-a)= ) (-Dfq = =f

n=-—om
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Lemma 2.1 The following 2-dissections hold

1 fe fifi
2= ez T2
fr f:sf 16 1 f:sf 8
B _Rifh , ffff
i fFfafes ffis

Proof. The proof of the identity (2.1) can be found in [11, Eq. (1.9.4)] and that of the identity (2.2) in [11, Eq. (30.10.4)]
Lemma 2.2 We have, the following 3-dissection

(2.1)

(2.2)

E =f12fl‘g 1 qfszf‘?aﬁiﬁ 1 zq:fﬁfls-f;iﬁ
i ff& fi#fig &

(2.3)

Proof. The identity (2.3) is the Lemma 2.6 in [12].
Lemma 2.3 For any odd prime p, we have

[==}

K34k pP+(2k+1llp  pP-(Zk+lip p=—1¢{qp=}
u!f(fr)=quf(q 2 g 2 )+g & "\

n=0

0
Moreover, for, 2

e -

k*+k p-—1
2 * 8

(mod 8)

Proof. Proof of the Lemma2.3 can be found in [13, Theorem 2.1]
Lemma 2.4 For any prime p > 5, we have
1

7

L B 3pi+iek+lp  3pP-(6k+1)p ip-1 pi-1
fi= Z (—D*¢" = fl-a = .—q 2 +(-1) & g% fpe

P2 p =1 (mod6)

& —(p—1) p= —1 (mod6)

Where,
p—1 tp-1

_ —(p—1) <k < "
Furthermore, if 2 2 andk &
3T+

Then 2

= % (mod p)

Proof. Proof of the Lemma2.4 can be found in [13, Theorem 2.2]
Lemma 2.5. For all primes p and all k, m, j > 1, we have

(fe—gl s
p ot

e =f27 (mod p¥)
In particular the following congruences will be used frequently, so we may omit to refer this lemma in many occasions.
£ = fo, (mod 2)
*=f2 (mod 4)

m

8 =1 (mod8)

K k-1
B =fF, (modp*)
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Main Results.
3.1. Congruences for Bz (n)

__: = -1 .
Theorem. 3.1.1. Let P be a prime such that ( P ) and 1=7=p—1 Then forall integers ™ = 9 and « = 0, we have

- . 3.p2 +1
Z B, (2.;:‘“. n+ T) q" =2 ¢(q)yp(g*) (mod 8) (3.1)
n=0
) . 3.pfﬂ'+f + 1
B, 2.p™ L (pn+ )+ — = 0 (mod 8) (3.2)
Proof. Setting 1=2j, (1.1), we have
N £
B,(n)g"="—="=== (3.3)
Z& ) e
Employing (2.1) in (3.3), we obtain
N L fE ffﬁ%)
B,(n)lg" = f; -+ 2g (3.4)
; ) * > fis ffa

2ntl
q

Extracting the terms that include from both sides (3.4), dividing both sides by 9 and then replacing 9 by 9, we obtain

oo

Z B,(2n+1)g" =

n=0

26 fs
fifs

using Lemma.2.5, we have

=]

,Z&. B,(2n+1)q" =2 7
=21} f2 (mod 8)
=2 y(q)y(q*)( mod 8) (3.5)

3.5) isthe @ = O case of (3.1). Assume (3.1) is true some integer & = 9. Employing Lemma.2.3 in (3.1), we obtain

p—3

- . 3. Za +1 2 tx p 4+ 2x+1lp pi—(2x+1lp  pi-1 Bt
ZB:(Z.p'”.n—I— %)q”z 2 Zq z f(g Z . q Z )q ® *"(q )
n=0 x=0

p—3

- a2y Al Ty ey O T pi-1 ap®

g2 +}]f[q-lp +L_;-+1}p]qu-w —'\_}+l}p})_|_ g 2 ’i’fﬁ ) (mod 8) (3.6)

y=0
Consider the congruence

2+ , 3(p>—-1
al > x+2(}"+}fj E% (mod p)
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which is equivalent to
(2x+1)*+ 202y + 1)* =0 (med p)

p—1 2(p2-1)

= = — +
Yo Extracting the terms that include 7= from both

Since {?J ~ " the above congruence has onIy the solution *
=(p®

sides of (3.6), dividing both sides by 9

- 3(p2—1)\ 3.p%
Z B, (2.;::“.(;;11 + (@ 5 )) + L 2 - ) " =2 y(gP(g*) (mod 8)
n=0

B

and then replacing 9 7 by 4, we obtain

which yields

i 2a+2
> B, (z.pf“+1.n+ %) " =2 $(q?)P(q*) (mod 8) (3.7)

n=0

Similarly, extracting the terms that include a"" from both sides (3.7) and replacing q” by 4, we obtain

oo

3. pla+2
Z B, (Z.p:‘”:.n + pd:—-l-) "= 2y(g)w(g*) (mod8)
n=0

Above congruence is the & T 1 case of (3.1). Thus, by induction, (3.1) is true for all integer & = 0.

+j :
Finally, extracting the terms that include q""", 1 =] =P =1 fromboth sides of (3.7), we obtain (3.2).
Theorem. 3.1.2 For all integer n= 0 and & = 0 we have

B,(18n+ 8) =0 (mod 4) (3.8)
B,(18n+14) =0 (mod 4) (3.9)
a2 _

B, (z. 3%+ n+ ) = B, (2n)(mod 4) (3.10)

Zn
Proof. Extracting the terms that include 9 from (3.4) and thanks to Lemma 2.5, we have

=]

25
Z B,(2n)q™ = % = % mod 4) (3.11)
1Jg 1

n=0

Utilizing (2.3), we have

2,3
Z B,(2n)q" = (‘ﬂ ofio qfe' ’E’ {36 + quﬁ) (mod 4) (3.12)
= f:a .ﬁas 3 f1z fs
Intl
Extracting the terms that include 9 from (3.12), we have
s Zr3 3

Z B,(6n+ 2)g" Eﬂ}?—‘fﬂ (mod 4) = @ (mod 4) (3.13)

B fj_ fs_ fs_

intl Int2
Extracting the terms that include 7 4 from (3.13), we obtain (3.8) and (3.9). Similarly, extracting the terms that

i In .
include 9 from (3.13), we obtain

fif fa _
7

Z B,(18n+2)q" = (mod 4) (3.14)
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From (3.11) and (3.14), we have (3.10) for & = 9 Thus (3.10) holds for &

all integer & = 0-

3.2 Congruence modulo 4 for B;(n)

= 0. Applying induction on % we obtain (3.10) for

__: = -1
Theorem.3.2.1 Suppose P is any prime with ( B ) and 1 <u<p—1 then for all integer » =9 and ® = 9, we have

B;(4n +3) =0 (mod 4)

oo

) 3. p*+1
ZBE( lZ.p‘“.n—l—pT) "=2ff, (mod 4)
n=0

3.pfﬁ’+: _|_ 1

B, (12.;:3“*1. (pn+u) + >

) =0 (mod 4)

Proof. Setting 1=3

ZB (n)gq’ ﬂfﬁ

Using (2.2) in (3.18), we obtain

in (1.1), we have

oo

2 2
Y sian =12 (B 5 I REs )

n=0

(3.15)
(3.16)
(3.17)
(3.18)
(3.19)

Extracting the terms that include the odd power of 9 from (3.19), dividing by & and then replacing 9 by 9, we have

oo

n_— fﬂﬂ‘!ﬂ}fﬂ_ ffq.fj_" i 1
2B nan= 2R 2Ry (f) (=

Employing (2.1) and (2.2), we obtain

fifi

fo \f 5f3ﬁ4 ffro

n=0

From (3.20) we have

oo

3¢5 ¢ 3
Z By(2n+1)q" = 2% (mod 4)

n=0

Extracting those terms with odd power of 9, we get (3.15).

N * 2 2 :

1 2q ) (3.20)

> fie frfs

(3.20)

Extracting those terms with even power of 9, and then replacing @ by 9, we obtain

= 9,50 £3
Z By(4n+1)g" =2 % = 2 f,f, (mod 4)
s fe

n=0

(3.21)

Extracting those terms with power of 4 which are multiple of 3, we obtain

[==]

Z By(12n+1)q" = 2 f,f, (mod 4)

n=0

(3.22)
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(3.22)isthe & = 0 case of (3.16). Assume (3.22) is true for some & =0. Employing Lemma 2.4 in (3,22), we obtain

= ) 3. p2 +1
ZBE 12.p*n +————|q"

n=0

Il
B

> IZ+k ap+iek+1)p 3p?—(ek+1llp
Z (-*¢ 2 fl—-g = .,—q 2

+ (—1]Tf}'?fp= X Z (_l)mqﬂm‘+m f[_qﬂp"+lﬁnn+1}p’ _qﬂp"—LEnm+1:lp)
:—H_1

™m

] Lm :ip;;l
ip-1 pi-1
+(=1) & q 12 f,,2 | (mod 4)
(3.23)
Consider the congruence
3K+ k . f-1
+(3m~+m) = P (mod p)

2

Which is equivalent to

(6k+1)*+ 2 (6m+1)* =0 (mod p)

. {i} =-1 ) k =m = {ii’_l}l } ) pn
Sine * 7 , the last congruence has only the solution & Hence, extracting, the terms that include 9

p—1

from (3.23), dividing by @ * and then replacing 9" by 9, we obtain

- . . 3. 2x+2 + j_
Z B, ( 12.p**n+ pT) q" =2 f,f, (mod 4) (3.24)
n=0

. . pn .
Extracting the terms that include 9", we obtain

[==1

o 3. 2o+l +1
Z Ba( 12.p**2 n _1_%)9.” =2 fif> (mod 4)
n=0

Thus (3.16) is true for & +1 Therefore, by induction that (3.16) always holds.
; : ; gF"tt 1= u=p—1 :
Finally extracting the terms that include , + from (3.24) we obtain (3.17).

Corollary. 3.2.2. For all integer ™ = @ we have
B;(12n+ 5) = 0 (mod 4) (3.25)

B;(12n+ 9) = 0 (mod 4) (3.26)

B

Proof. Collecting the terms that include powers of 9 that are 1 modulo 3 and 2 modulo 3 from (3.21), we obtain (3.25) and (3.26).

~310~
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-3
—|=-1
Theorem 3.2.3 Suppose P is a prime with { P } and W any integer with 1 =w=p —1 then for each integer ™ = 0 and

y=0

, we have
= ) 7. p* —1 .
Z By| 4.p¥.n+ — 5 q" =4 yP(q*)yY(g*) (mod 8) (3.27)
n=0
o ptT_q
B, (4. p* (pn+w)+ > ) =0 (mod8) (3.28)

2n+1 2
Proof. From (3.20), extracting the terms that include @ and replacing @ by 9 we have

oo

. ffllfa fGEfB:
Z By(4n+3)q" = 7&14}?}% (mod 8) (3.29)

n=0

Thanks to Lemma 2.5, we have from (3.29)

oo

Y Bu(4n+3)a" =4 £5f7 =4 $(@)u(a*) (mod8) (330)

n=0

which is the ¥ = © case of (3.27). Assume (3.27) holds for ¥ = O- Employing Lemma 2.3, we have

N . 7. p¥—1
S (s T2 o

n=0
o 3(kP+k)  3p+(aktlp)  3(p-(2k+Dp) 3'3P‘—1JJ( %)
=4 E a 2 fl@ 2 g 2 )g ' VUK

[Z qfl:m:+m)f(q2|:p:+':2m+1)p) ’qﬂl:p:—l:ﬂm+1),u)j + qu:_lﬁb[ffépz}]
m=0

(3.31)

Consider the congruence

3(k*+ k)
2

T(p*—1
+2(m*+m) = % (mod p)

which is equivalent to

(4k + 2)* + 3(2m+ 1)* = 0 (mod p)

—3
=)=, =m =2t , :
For ( » } the above congruence has only the solution k=m=7= So, extracting the terms that include 9

-1}

(3.31), dividing both sidesby @ *  and then replacing q” by 4, we have

oa

Z i ) 7. p:}f+: -1
By| 4.p®tln +T q" = 4 P(q*)P(g*) (mod 8) (3.32)
n=0

Extracting the terms including a"" from (3.32) and replacing q* by 9, we obtain

N 242 7. T - n 3 4
ZBE 4,p¥ '.R+T q" = 41(g*)w(g*) (mod 8)

n=0

which is the ¥ T 1 case of (3.27). Hence, by induction on ¥ (3.27) always holds.

i i pntw _ i
Also, extracting the terms that include 9 , l=w=p—1lgon (3.32), we arrive at (3.28).
~311~
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