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Abstract

The core objective of this article is to investigate zero distribution for g-shift linear differential-difference
polynomials, monomials of entire (meromorphic) functions. The finding of entire (meromorphic)
functions is either of zero or finite order which may be viewed as the analogues of Hayman Conjecture.
These results generalise and improve the results due to Luo L and Xu J and Dhar R.S.
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Introduction

The present paper extracts the definition of entire(meromorphic) function f(z) as given in
complex plane. We think all the readers are familiar with the fundamentals of Nevanlinna

theory (see [ 14 131 inclusive of T (7 f).m(r. f).N(7. ) etc. As per the need of results, we
use various terminologies such as <("-f) which is equivalent to @{T (7 )} as well as a small

function @(2) € £ if T(r,a(z))=0(T(rf)) as T — % possibly outside E.

Definition 1: ¥ A differential-difference monomial is defined for a meromorphic function

f(z).

k. m
MIf] = HH [F 2 + )]

where €i7 € € ang ™7 € N, with ¥ varying from © to K and 7 from @ to ™. Hence, M [f]>s
total degree is nothing but total of product of all right-hand side powers. Therefore, total
degree of M[f] is defined:

d =M AXjep dMJ.-

For our convenience, we define,

o .
Ff={f(z2): f is a transcendental entire function of finite or zero order}.

* — .
B={fle:f is a transcendental meromorphic function of finite or zero order}.

Many mathematicians have contributed to distribution of zeros for difference-differential
polynomials as well as its derivatives. The famous conjecture of Hayman [ is discussed
below.

Conjecture: A meromorphic function f(z) can take number of zeros infinitely for a positive
integer ™, ifff(z)f'(z2) =1
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Hayman [ himself solved the conjecture when ™ = 3 then by Mues [, Bergweiler and Eremenko [ and Chen-Fang FI

respectively for * = 2,1 These mathematicians paved a way to the other works or publications in this domain.

n 1 _ t Hi —
In 2012, Chen and Chen @ investigated about the zeros of RO =0 M=y [f (2 + )] @ with @(2) € f(2) and
hence the below result.

Theorem 11. @ Consider fE€F. gU=12...0 €C—{0} pq nlew(i=12...0EN  gipsequently
n r_ t By —
U =DM [f (2 + o)) —a has number of zeros infinitely for @ = 2,

Recently, in the year 2020 J. Xu and L.Luo ! investigated zero distribution of entire functions with 9-shift for the generalized
above result.

* — p— r .
Theorem 1.2: [8 Consider fEF, EF}-U =12...1) be finite non-zero constant and EFi “J, where Hi € N. If
_ I -1 ...
P(w) = aw +a_,w + + ay(+0) be a polynomial, with “i:--+%0 as constants, then
n £ PR T
7 POz (F(a;2)) —al2) takes number of zeros infinitely when @ = 2.

In the following two theorems, RS Dhar (2020) ™ replaced shift and difference operator by linear difference polynomials

Theorem 1.3: [ Consider f € fi'» P[f] = ¢cof (z) +eif (z +¢) + - - +c,.f(z +1¢) pe a polynomial of linear difference such
that T(PLFD and S(F) are not equal, i =0,1L...m gnqc 206 €. then FPIf]—a(z).(a(z)#+ 0,0) forl=2n+ 1,
has several zeros infinitely.

Theorem 1.4: ¥ Consider f € Fi" and PLf] = cof(2) +e1f(z +¢) + - -+, f(z + 1) pe a polynomial of linear difference
such that T(mPLfD) and S(mf) are not equal, & J=0L-wm gnd c#0€C  sybsequently / PLUF1—a(z)
for I =41 +3 g infinitely several zeros.

J. Xu and L. Luo [, in 2022, examined the distribution of zeros for linear 9-shift difference polynomials to obtain the following
result.

Theorem 1.5: 14 Consider f € F» b(2)(# ®) € f(z) pe a small function. Then F"(2) +P(f) =b(z) takes many zeros

infinitely, when @ = 1+3

Based on the above literature, we arrived at the following questions and also, we have tried to answer for the same in the
third section

e Question 1.1: Can we verify theorems 1.1-1.2 for differential-difference monomials to get extended results?

e Question 1.2: Can we further generalise theorems 1.3-1.4 for g-shift linear difference polynomials?

e Question 1.3: Can we extend theorem 1.5 for higher order differential polynomials along with the monomial functions?

Theorem 1.6 Let f (Z) € FY' and @& with £ = 1.2+, L be 4 finite non-zero constants. Let 4+ = er:i-“r, where He E N
and as defined in definition 1, M [f] e a differential-difference monomial. Then, (2) M[f11L:=y (f(q.2))* —a(z)
has several zeros infinitely for 7 = 2.

Theorem 1.7: Let f(2)EF and a linear 9-shift difference polynomial £(7) = Zi=14(Af(4;2+ 6)  \ynere
G U=12...1), a;% 0€C gnq () = 0, 1f @(Z) ang G(Z)U=1.2...8) € f(2) Tpen 7 (2)+ P(F) — a(2) takes
number of zeros infinitely for ™ = 1.

Theorem 1.8: Let f(Z) € F5' and a linear 9-shift difference polynomial £) = =194 (@52 + ) ypere 95 % 0 ang
GU=12..,t)EC P(f) # 0 359 a(2), 9;(2) G=1.2,....8) € f(2) Tpepn F(2)P(f) — @(2) takes number of zeros
infinitely when ™ = 1,

Theorem 1.9: Let f(2) EF a(2)(#®) € f(2) Lot P(2) =c(z —a)™ (z—ax)™ - (z—ap)™ c€C po 4

—_ 14 L i
polynomial of degree P and MIf] =M= [f (q,2)]" be a monomial. Then P(f™)+ M[f] - a(z) has infinitely many zeros
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forp(k+1)—0—220

Example 1.1 Let f(2) =€ +1, c =m, g =1 gng P(f) = f(z + ©) then f(2) + P(f) — Zhold forn = 1.

e+ o, .
Example 1.2 Letf(Zj e cTma=1 and P(F) = F(z+€) then F(2)P(F) = Lpoigs for = 1,

2 Preliminaries
figz+e) ) _
m(r, — |=5(r,
Lemma 2.1: 18 Consider f (2) € 72" gng @€ € € — {0} Then fiz) ( fj

Whenever T~ % s possibly outside £

Lemma 2.2: 42 Consider (Z) € Fi'» € € C — {0} Tpen
T(r, f(z+¢))=T(r.f) +5(r.f)
N(r.f(z+¢))=N(r.f) +5(.f),
N(r,0,f(z+¢)) =N(r,0,f) + S(r.f)

Lemma 2.3: 18 Suppose f(2) € F gng P(F) pe a polynomial of degree P'. Then T(r,P(f))=pT(r.f) +5(r.f)

¥ — + . __
Lemma 2.4: 10 1f F(2) EF 4pg n(z1), s u;=12..,5)€Q and i UG=12...5) be finite distinct
complex numbers and fi =PI f(z + ) o T(rfy) = (n+)T(r.f) +S(.f)

3 Proof of Theorems
Proof of Theorem 1.6

Let H1(2) = [ @OMFITL=1 [£(2:2)]™ using Lemma 2.4 TOf n+ AM[f]) = (n + 4 + d)T(r.f) + S(rf),

We have N(7: ) = 0 therefore
T(r.f n+ AM[f]) = m(r.f n+ AM[f]) + 5(r.f)

From Lemma 2.1

m(r (=) ): S(r.f)

" Flaez)

Hence

m [:r,f’HAM[ﬂ) < m(r, Hlj +m (r‘, %ﬁ'ﬂf]) +5(T',f:]

I Fl=zpke
::_: m[:r.r Hl] + Eg—:lm(r.r f':ffpz}'lit) + S(rlf]

fi=)
Flge=)

=m(r,H)+ X um (r, )+5[r,f]
= T(rH)+5(r.f),
One can get the following as a result of the above inequalities

(n+ A+ d)T(r,f) ST(rH,) +5(r.f) (3.1)
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Consider
T(r.H) =T(r, @M=, (f(q.2))%)

< nT(r,f) + dT(r,f) + AT(r, f) + O()T(r. f).
Therefore

T(r,H) < (n+i+d+0(1) T(r.f)

One can get from (3.1) and (3.2)
T(r.H)=(m+i+d+0(1)T(r.f).

We can deduce by the Nevanlinna’s second fundamental theorem that

T(rH) < N(r, ) + 8 (r, 7=) +50.6)

< () N (o )+ B 7)) + 56

By using Lammas 2.2, 2.3 and Nevanlinna’s first fundamental theorem

N (r, Jé) =7(r, Jé) =T(r,f)+0(1).

w (r, ME,}} = 7(r w;m) = T(r.M[f]) + O(1) < dT(r.f) + O(1).

TN (r i 5) =TT (n 15) = T TG, f(a.2) < IT(rf) + 0(1)

fig Flge=)
From (3.3)-(3.6)

1
H, —a@

T(rH) < (1+d+DT(rf)+ N(r, =)+ S(n.f).

One can get by using (3.1) and (3.7) that

1
N(r,Hl_a) > (n+d—1—1)T(rf)+S(r f).

AsTZ2, A2t n+d—1—121 e Hy

, We obtain ~ @ has several zeros infinitely.

Proof of Theorem 1.7

Let H2(2) = f* + P(f).

T(r,Hy(2)) = T(r, f" + P(f))

=T (rf" ta(2)f(g.z + c,) T a(2)f (g2 + ) +- - T a(2)f(q.z+c.))
Flg,=+e,) Fla,=4ec,)

ST fm+ 0 +T(r [ay () + 22000 L 28T o (s, f)

But

g (Z)f(f}':z+ r_'.':) + - + i, (ij(f}'z_Z + Cr)])

T(T‘, |:E11(Z]+ f(qlz—FCl] N f[qlz+clj

~212~
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flazz+¢;) flgsz+¢3) L . flq.z+¢,) -
= T(T’f—(qlz-Fcl)) + T (T’f_(fhz'l' clj)-l- +T ( o o) )—l— S(r.f)

=N (T,ij)-l-h’ (T,ij)-l- e+ N (r,m)ﬂ- S(r.f).

Hence

a,lz)flg.zte,) . a.(=) flate,)
T (T’ ﬂ1[2) + Fla,z+e,) + + Flg=z+e,) )£ tT(Tij + SET,fj

Consequently
T(r,Hy(2)) < (n+ )T (r.f) +tT(r. f) + S(r.f).

s T(rHy(z))=(n+1+8)T(r.f) +5(r.f) (3.8)
Consider

(n+1+8)T(r.f)=T(r.fr7)

< T(rfM)+(1+8)T(r.f)+50r.f)

=T(rf"+P(f))+5(.f)

< T(r,H,(2))+ S(r.f). (3.9)
By (3.8) - (3.9)

T(r,Hy(z)) = (n+1+t)T(r,f).
As f is an entire function, using Nevanlinna’s second fundamental theorem

(n+1+t)T(rf)=T(r.Hy(2))

<N (rﬁ) +N(r, Hzl:z}l—m:z}) +5(r.f)

1

=N (T, ﬁj TN [T’ Hﬂz}—n’(z)) + S(T’f)'

Therefore, one can get

(n+1+th(r,f]£N(r, )-I-S('r,f].

7 — &

Hence 12 () has number of zeros infinitely.

Proof of Theorem 1.8

Let H3(2) = f"P(f).

T(r,Hs(z)) =T(r, f7P(f))

=T(r.f la(2)f (q1z2 + ¢1) T ax(2)f(g2z +c) + - + a(2)f (9.2 + ¢.)])

a3 (2)flapztey) o +w) + S(7.f).

nt+l
= T(Trf ) +T (T’ ﬂl(Z) + Flg=te,) flg=+ey)
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But

a2l flg.zte,) . ﬂrl:z:lfl:qrz+cr:|)
T (7, a,(2) pRilIE .y e

flg,z+c,) flasz+c3)\ | flg.z+¢c,)
= T(r’f(qlz + cﬂ) o (r’f(qlz + .:1)) Tt T(’"’f(—qlz T 61)) +5(r.f)

o f{q:z + C:j f(fFaz+Ca) L - f(qrz‘l' er -
= N(r,f—(qinr cij)+ N(r,f—(qlz+cl)) + +N( Faete) r:1))+5( ).

Hence

agl2)flgzzte,) |, aplz)flgeate,)
T (T‘, ﬂl[z} t Flg,=te,) t + Flg=+e,) ) = th[r’f] + S[F,f].

As a result, we get

T(r,Hy(2)) = (n+ )T (r.f) 4 2tT(r, f) + S(r.f).

. T(rHy(2)) < (n+ 1+ 20)T(r.f) + S(r.f). (3.10)
Consider

(n+1+26)T(r, f) = T(r, frH172)

ST(r, f™) + (14 26)T(r f) + S(r.f)

=T(r.f"P(f)) +5(r.f)

< T(r, Hy(2)) + S(r. f). (3.11)
From (3.10) = (3.11)

T(r,Hy(z))=(n+1+2t)T(r.f).

Since, f being meromorphic, we get by using Nevanlinna’s Second Fundamental theorem,
(n+1+2t)T(r,f) =T(r, Hy(z))

< N(rHy) + N (r;—a} +N (rﬁ) + S(1f).

-

A (n+1+20T(rf) < N(rn—=) + S(r.f).

Hence H2(2) — @(2) takes several zeros infinitely.
Proof of Theorem 1.9

o= Max;_zd :
Let’s consider 786 M} as total degree of M[flinf,

suppose M [f] = @ then P(f%)+ M[fl—a =P(f™).
Since

Pis™)
f

RNk
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By Lemma
m (r,?) = m (r,@) +0(1) =5(r, f).

Using Nevanlinna’s first fundamental theorem

T(nf)=N(r3)+ Srf)

With respect to this and zero order transcendental function f, we get f which has number of zeros infinitely.
B F[f':k}] + M[f] — a(z) pas infinitely several zeros.

Suppose M[f] # a
Let

_ a-M[f]
Y= pifEy (3.12)

Therefore, we have ¥ ¥ 0, a5 M[f]#a

Now it only remains to prove Y= Thas many zeros infinitely.

p(k+1)m(r,f) = m(r,P(f*))
g:n(r,ij—l—m(r,a—hf[ﬂ). (3.13)
p(k+1)N(r.f) =N (hP[f':":'))
< N(r3) + N@a— M1 — No(r) — Ny (r) (3.14)

Where Ny(r) and No (1) represent common poles and zeros of Yand® — MIf] respectively.

From (3-13) gnq (3-14)

p(k + DT(f) =T (r3) + Ta — MIF) = No(r) — Ny ()

<T(rf) +aT(r, f)— Ng(r)— N () + 5(r. f). (3.15)

The poles of ¥ are common poles of Yand® — M[f] and zeros of f (From (3.12).

Therefore
— — 1
Ferw) <8 () + M0, (3.16)

Again from (3-12), zeros of ¥ are common zeros of ¥ and @ = M[f1 and the poles of /-

Therefore

— 1 —

N (r2) < N f) + Ny (317)
Using second fundamental theorem and (3-16) — (3.17)
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T(rap) < ﬁ(r,i) +N(rp) + ﬁ(ri) +5(r, f).

L T(W) < N0 ) + 8 (r2) + No() + Ny + 8 (r.25) + 501, (3.18)

https://www.physicsjournal.net

From (3-15) and (3-18) we get,

(phk+1)—o —2)T(r.f) = a'\_f(r,

1
o l)—l—s(r,fj.

Hence ¥ — 1 takes infinitely several zeros.
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