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Abstract

In this paper, a new class of generalized soft contractive condition is defined and some common fixed
soft point results for four soft mappings in soft S-metric space are proved. Some consequences and
illustrative example are provided to substantiate the main result.

Keywords: Soft S-metric Space, common fixed soft point, soft compatible mapping

1.1 Introduction

1.2 Preliminaries

In the theory of fixed point, Banach Contraction Principal, proved by Stefan Banach ™ in
1922, plays an important tool for proving the existence and unique solutions of the self-maps
on metric space. Recently there has been numerous generalizations of Banach Contraction
Principal by weakening its hypothesis while retaining the convergence property of successive
iterates to the unique fixed point of the mapping. Some of these generalizations were made by
Boyd and Wong 1, M. Edelstein [/, B. E. Rhoades [*2 and many more. Theses work was also
carried out by various researchers in different metric spaces. S. Ghaler ! introduced 2-metric
space. G-metric spaces was given by Mustafa and Sims I while S-metric space was
introduced by Sedghi et al. 231,

In the meantime, Molodtsov 1% originated the idea of soft set in 1999. Soft set theory is a new
mathematical tool for dealing with uncertainties and is a set associated with parameters and
has been applies in several directions. Many research works on soft topological spaces, soft
metric spaces, soft real sets, soft normed spaces, soft fixed point theory etc. can be found in (&
69 and so on.). Recently, in 2018, Aras et al. & 4 introduced soft S-metric spaces and also
discussed its important properties. They also established some results on soft mapping with a
contractive condition and proved that in some conditions, these mappings possess unique fixed
point. In the present paper we are going to prove common soft fixed point for four soft
mapping in soft S-metric space. We begin with some basic definitions and results that will be
needed in our main result.

Definition 1.1 °0: “A pair (F.E) is called a soft set over a given universal set X ifand only
if Fisa mapping from a set of parameters E (each parameter could be a word or a sentence)
into the power set of X denoted by P(X]. That is, F:E — P[X]. Clearly, a soft set over X

is a parameterized family of subsets of the given universe X

Definition 1.2 P “A soft set (F.E) over % is said to be a null soft set denoted by P, if for
all € € E.F(e) = & (nuil sety.

Definition 1.3 °1; “A soft set (F,E) over % is said to be an absolute soft set denoted by X if
for all g E E, F(E‘j = X.»
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Definition 1.4 : “Let ™ be the set of real numbers and B(R) the collection of all non-empty bounded subsets of R and E be
taken as a set of parameters. Then a mapping F:E = B(R) is called a soft real set. If a real soft set is a singleton soft set, it will

be called a soft real number and denoted by 75+ £ etc 0 and T 414 the soft real numbers where 0(8) =0 T(e) =1 ¢ oy

ek respectively.”

Definition 1.5 BI: “(Properties of Soft Real Numbers): Let T and ¥ be two soft real numbers. Then the following statements
hold:

——

. T=5;7(e)=5(e) e €E,

[ ]
=
[

EIfF[:e) EE(E) fora”E e E,

=

E §|fF(€] EE(E]fOFa”e EE,

o T=5i7(e) =5(e) porane €E»

Definition 1.6 [ “A soft set (F.E) over  is said to be a soft point if there is exactly one € € E such that F(e) ={u}, for some
U €X 0d F(e') = ¢, V ¢ € E~{e}. It will be denoted by Fe or te”

“The soft point i, is said to be belonging to the soft set (F. E) denoted by - € (F.E).js t,(e) eF(e), ie.,

{u} € Fle).

Definition 1.7 [¥: “A soft S-metric on X is a mapping 5:SP(X) X SP(X) X SP(X) - R(E)" which satisfies the following
conditions:

=

(‘STJ.) S(ﬂﬂ’ ﬁb’ﬁ}cj E

(53j S(itq %) = 0, if and only if Uy =0, =W,

S S, 0, w,) = S(i,. 1, t,) +5(8,.0,.t) +S(w,_,w_t,)

-~

for all “ﬂ’ub’wﬂ’fd ESP(X)’ then the soft set % with a soft S-metric S is called soft S-metric space and denoted by
(X,5,E)..

Lemma 1.8 Bl: “Let (X’ S, E) is a soft S-metric space. Then we have

S(fig,fig, ) = S(y, 0,0 0)

o s i — — 00
Definition 1.9 [: “A soft sequence { “'L} [X S E) converges to V& if and only |f5[u' tay: ub) Oasn and
im i, =1,
we denote this by n—e=  “n
1 By i —
Definition 1.10 “: “A soft sequence {u“n} in [X’S’ E) is called a Cauchy sequence if for £ = ﬂ, there exists o € M gych

i'! i']‘l s
5[11, L ﬁm) < £ hTTLTL = Tg»

that for eac

Definition 1.11 [: “A soft S-metric space [X’ S E) is said to be complete if every Cauchy sequence is converging to some soft

point of [X’ S, E)
. o oF ! ! i
Definition 1.12 “: “Let f ' [X 5, E) - [Y SLE )be a soft mapping from soft S-metric space [X S E) to a soft S-metric
Cary )
space [F SLE' ) Then fo is soft continuous at a soft point fig€ SP(X) it ang only if (. E‘Dj[ }) - (f.e)(@a).,
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(T.@): [XSE)%[XSE).

is said to be a soft

Definition 1.13 “: “Let [X’S’E) be a soft S-metric space. A map

contraction mapping if there exists a soft real number keR(E),0 < k<1 (where R(E) denotes the soft real number set)
such that

S((T, @) (), (T, @) (i1,), (T, 9)(8,)) < k (80, T, By ). 5, oy T T € SP(X).s

2. Main Results

Definition 2.1: Let [X’S’E) is a soft S-metric space and fﬂp’gw be two soft self mapping on [X’S’E)' Then the pair

U:.s-’gw} is said to be soft compatible if and only if
hm 5[(f gw][w ). (f, EIP][A” ) ( gofe)(tta, )=10

1 e ] — 1 n —
3 im f, (fiz,) = lim glp(u ) =1y, for some Vs € SP(X).

Whenever{ ﬂ }lsasoft sequence in “* such that n—==

.J\ -"\:'!
Lemma 2.2: Let [X S E) be a soft S-metric space. If there exists two soft sequences {ta anpd and } such that

lim S(al 4l o) )=10 lim ® = ¢
n—res [ b"‘ , Whenever {u“n is a soft sequence in X such that n—= " ? for some fff € SP[X)’ then

lim &, = f

n—+oa

Proof: From (5 3) of soft S-metric space, we have
s(op, o5 ,ty) £25(o7,0p 4% )+ S(E, tadn )

n — 0o

Now, by taking the upper limit when in (2.1) we obtain

lim supS[ﬁ{: Pyt )2 ,}1_1.]; 5(1’5{; gl ) + ?}@;S[fd,fd,ﬁﬁn) =0

m—oa

: Py 1 J—
lim o = £,.

Hence n—e=

Theorem 2.3: Suppose that flP’ Gp. RW and Tuf* are four soft self mapping on a complete soft S-metric space (XH S, E), with
fw[f’s] - T*P[XN’S)’ do [XH’S} < R‘P(X’S) and the pair £flP’ RIP} and {HW lP} are soft compatible. If
S(foliia) fo (95,8, (W) £ kmax{S(R,(i14), Ry (3,). Ty (W.)),

S(fo(1a). f (). R (14))

(96 (B:),96 (), Ty (),

s[flp[ﬁb]’flp[ﬁb]"glp (iﬁc])}, 2.1)

For each U Oy W ESP[X) with ﬁ =k = I.

Then flP’ Ge: RIP’ and TlP has a uniqgue common fixed soft point in X provided that R and TlP are soft continuous.

Proof: Let I’}'gnE SF[XH). Since fLP[XH) = T‘P[XH) there exist ﬂi__e SF[XH) such that f [ﬂu ) =T [ﬂl ) and also as
e [ﬂt_) €R (X) , We choose ﬂ‘:“ € SP[X) such that I [ﬁ%‘;) = Rw[ﬂi:). In general, f\'ﬂ::ril € SP[X) is chosen such
that f. ¥ f},;’:n) =T [ﬂ_?ir:l_) and u-’j:;de SP[X) such that e [ﬁ;‘t::;) =R [”';;:':") we obtain a soft sequence
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-‘“\ n
} such that

—f [u' )— T, fisn i)

T+

ﬁ_:z+1-. — grp[ﬂ_n-l-l.) — ch [ﬂ_:z+_ ) n=0.

Bansr Ton+a Ton+o

-'\i'!

Now, we show that { Vb, }lsaCauchy Sequence. For this we have
- In+1 2 2 ~ I+l
stub: vb;t E"':'I_|.!'1+ ) S(f [u‘:;n) f [uf::q) gfﬁ‘[ “:.‘H_ )
~Tn =2 ~Intl

< kmax{S[R (g, )R (u ) I I T ]),

s (£,(a2, )5, (a2,). Ry (a22)),

S[E:p[:ﬂ:”-l-l] g:p[:ﬂ :'z+J.j T (ﬂ_”-l-l_j)

Ton+ Ton+n Ton+n

S(fo (@3- £ (83, 0,(82271));

"

In—1 In—1 n In ~2n ~ln—1
= k max{S( ¥} U Ty ) S[v Uy T )

S(U_;'HJ. 52 In+1l o 2n ) S( 2n ﬁfn 1’5:”'“-
bopsr’  Dopes” b'.‘.‘l ( n' Pop’ Z":-..'1+'_]}

-

= k max S[U-n—' pan-1 g2n ) S(pin pIn pIntl
{ ban b, ( Bop' “Ban’ b'_'.n+'_]}.

Zn A" A :lz+J. ~2In—1 2Zn—1 ~In
= 5 i , 1 . .

Now if ( Ybop' ¥ Ban+y ) [: v’ Ban ban /| then by above inequality we have
g ﬁfu ﬁfn 1’5:”'”- kS m2n ﬁf?z ;_"5:”+1 ) ) o

[ Bon' “Ban' " Banss [ n’ " Bzn’ " Baner” which is contradiction.

g ﬁfn ﬁf:lz A :lz+J. 5 ~In—1 p-”_l ﬁ 2n ) )

Hence, ban’ Vban’ Vbanes [: 1 By Ban * therefore by above inequality we get

~2dn a~2n ~2Zntl m2n—1 i Zn—1 ~iIn
.5'[il-‘:lb'.‘.."l.'II iI-‘:lbi‘.."l.'II ub'.‘..‘l+'_ [ '.‘.'I.—_ 1‘.‘1—'_'II iI-‘:lbl‘.."l.
By similar argument we have

~2n—1 :lz—J. A :'z ) In ~2n a~In—1
5[ S(me, Up, s me_;]

=5 (f (a2,).£,(02,). 9, (224))
Z kmax(S(R, (a2°), R, (820, ). T, (@24)),
s(f(a2). £, (032,). R (02)),

5[:9':.9 art j Gy agn j’T (u;:;—l_j)

Ton— Ton—1

Ton Ton—-1

S[f [:ﬂ n jf (ﬂ-” j’grp u_:lz—lj)}

_ In—1 ~%n J. _,\ In—2 2n m2dn—1
kmax{S( Vhan—1’ Vbap [”b“ vbn Yban_y

bi‘.‘l '_|. *
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S[A ;:‘1__._ ;-z—J_ & ;lz— )SEA rz’ﬁ;n !ﬁgr‘l—_{]}

'_'."I. 2 '.‘."'I. n

— knlaxs[v_n—' 2 2n—1 1AJ 2n—2 ) i'.J 2 In 5 In—1
{ Don- Bop—= ( b’.‘."l Dop bi‘.‘l )}

"

.5 ﬁﬂu ﬁfu i :lz—J. = 56 2n—2 ﬁfu—_ ﬁf:z—l . .
Now if bap’ Vbgnr ¥ ) [: Ban-z’ "Pan-z’ " Pan-1/, then by above inequality we have

g 1‘]_:'z 1.3' i'.J Zn—1 {: kS =2n ﬁfu ﬁf:z—i ] ] o
[bm bm Ban-a ) [ Ban® “ Pan—1/’ which is contradiction.

=2n—1 2n—1 2n m2n—2 =~2n—-2 ~2In—1
i I L <5 , s S . .
Hence, Ban-1" " Ban By ) [ Ban-2" " Ban-1/" therefore by above inequality we get

fIn-1 52n—1 52n HIn—2 pn-2 52n—
5[ !.'1—_’ b } ks(— Bon—z Vs ’ub:'.n—'_ (2.3)

From 2.2 and 2.3 we have
S(oy o5, 05 ) Sk S(Bp L 05185 2 )nz= 0=k =1.
Hence, it follows that

s(ep, op, 051 ) E .. £ kis(9) 55 ,90). (2.4)

n>=m

From (53j of soft S-metric space, for we have

I R it %] Am ~mtl
5[:1Jb Uy Uy )=‘: 25[ o Ve

Am+l Am+l mmt2
+2 s(op*t, opt 9 )

1-'|i'l‘l+1‘.

+ -- +5(An—' :'z—l ﬁg

= o~ o~ +1 am+l nmtl smi2
gzs[vgﬂ,ugﬂ,ugﬂ )+ 2s(eptL ot o)

++28(Bp o, By )

k=<1

1/
[/

Hence from (2.4) and as 0 we have

s(ep op. o7 )< 2 (k™ + k™ + -+ k) (9,04 ,0 )

Zo(+k4+RE4 ) S(0s,0,,00)

M ;
2 5%,

1

Asm — OO,

-'\i'! }

It follows that sequence { Vbn
W, € SP(X)

is a Cauchy Sequence. Since (X’S’E)

such that

lim f, [ﬂ'” )=1lmT [ﬂ":tl] = lim g, (GiZ"*1) = lim R (‘IL'”+: ) =Ww_.

a il
n—oa n—+oa n—oa ZM+1L n—roa TM+2

Now we show that e is a common fixed point of ffP’ e RfP and TfP.

~122~
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Since Rrp is soft continuous it follows that

lim R, [ﬂ"” ) =R, (w,),

m—oa

}E]:uR fo [u's )= R, (Ww,).
lim 5 R - R - R - =0.
And since Re @14 fo e compatible, b (f‘p ® u““) JoRy u““) olo [u““))

lim f R, 7i2n B (v
So, by Lemma 2.1 n—+= f Qop ) ( )

= =R [:IL'” )cmd W, ={iz"*t

Putting Ya @zn+1 in condition (2.1), we get

S{ffPRfP uf_f!.'l) f‘PR‘P[u;::n)’g‘P ﬂi:::_ )

< k max{S {pr [u'” ) R, [:u— ) T (ﬂ_:'z+l )

“zn Toan+y
S {f‘PR u‘_‘m) f‘PR‘P[:u;‘n) R [u;::'l))’ S {‘g‘*" [ﬂ‘:‘:::: I [ﬂ“z:: ) T [ﬂ;::.:j-'_ )’

s(foRo (@20,). FR(02,), 0, (222 (25)

To— 00

Now, by taking the upper limit when in (2.5) we get

s[RfP[ﬁ}C]’RfP [ﬁﬂ ]" ﬁ}ﬁ) - J}I_I,]:us (ffPRfP u;f'_'.'l) f‘PRfP [uﬂ'_n )’gfﬁ' [ﬂi?:::-_ J
< kmax{S(R,(w),R,(%.),w.),0,0,5(R,(Ww,).R, (W), W_))
= E S[ch(ﬁ?c)!ﬁfp (ﬁ}c )!ﬁ}c)_

S(R,(W,).R, (W), W, ) = ES[RW(GE),RW(@),@E), R,(W,) = W,

2]

Consequently, it follows that

- . T_. . .
In similar way, since = # is soft continuous, we obtain that

lim T, [ﬂ'”“} T, (W),

S
lim Togq (357.) = T ().

And since Jo A8 Ty 51 compatible, :}I—I::u Lo (g oo (u;::: )9, rp(“r_z:.:,l ). Tol0 [ﬂ?::.:,l ) = 0.
So, by Lemma 2.1 lim g, T, (8522) = To ().

—_ o — =En e R ~In+l
= ¥, =1ii andw_= T _(ii . .
b Bap € W[ Zan+24 in condition (2.1), we get

Putting tq
S {ffﬂ [:ﬂi?;.n}’ ffP [ﬂi?:n)’ e Tﬁf-'-‘ [ﬂfi:::_ ) <
k max{§ (R u‘” ) pr[u;“) T, [ﬂ;’::: ) (f [“'f_?m) fo [ﬂ'f_?m) R, fin )),

~123~
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Int+l ~2n+l ~2ntl ¥ In ~2n+l
(gf{f‘ fP[uﬂ-_-.n+ ) ngTfP[uﬂ-_-.vu ) T (-u“'.'.n+'_ ) ( u“'—‘-‘l) f [uﬂ'-‘-'l) prTfp[uﬂ“_'_ )} (2-6)

T OO

Now, by taking the upper limit when in (2.6) we get

S (We 9T, (9,)) = lims (£,(822 ). £, (822, ).9, T, (22271

Tan Tan+a
< k max{$ (iﬁc,ﬁ?ﬂTw[iﬁG]),ﬁ, 0,5 (ﬁyﬁ}pﬂp(ﬁcjj} =k 5( W, .;:T;p(ﬁ}.;j).

T, (W) =W,

Thus, again it follows that * # k

|.-'"'-.i!
[

L. Also we can apply condition (2.1) to obtain

S (£ (@), £,(9.),0,(02741)) Z K max(s (R, (#,).R, (#,),T,(2271)),

Ton+ Ton+r

IACABACANACA)]

S(Hrp [ﬂ2n+1 ’grp [ﬂ :lz+J.) T [ﬂ_u+l. )’

Tan+1 Tan+1 Tan+a

S(f,(@).£,(®.),9,(221)).

Ton+ 1

2.7)

:’:I
.r"_‘-\.
=
\_r"
_E""l
Famet
=
p——
)

And by taking the upper limit when ™ — Pin (2.7), as =1 €, we have

S(fo (W), £, (.),w,) £ kmax{S(R, (#.),R,(W.),%,),
s(f, ). £, (), %,).5(®,, %, ®,),5(f,(#,).f,(#.), %)}
=k s(f,(9.).£,(%.),%,)

Ir“xi!

k=L it follows thats[fmtﬁcj’f?(ﬁﬂj’ﬁc) =0 which implies that fw[iﬁc] =W,
Finally, by using of condition (2.1) and as Rfﬂ‘(ﬁﬂj - TIP(';EG) - fw(ﬁﬂj - ﬁic, we obtain

5 (Wee0,@.)) = 5 (£,@.).£,(7.).9,(®,))

< kmax{5 (Rw(iﬁc),ﬂw[iﬁc),i’w(iﬁ)),s (f@(mc)Ffw(mcj’Rw(mG])J

5 (94 #.),9,(®).T,(®.)),5 (£,(®.).£,(#.),9,#.))}

=,

5 (B, @) =0 525 21 _
Which implies that WerWer G (W) as 0=k =1 and hence ¢ (W)=
Thus, we prove that

R,(W,) =T, (w.) = f,(w.) = g, (W) = W,

If there exist another common fixed soft point Dy in SP[X) of all ffP’ Ge: RfP and TfP, then

S(Dy, By, W) = S(£,(8,). £, (P ) 9, (W)

~124~
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Z Emax{ S(Ry(2,), Ry (85), Ty (8,)), S (o (9), £ (85), Ry (55)),

5(9,(W.). 9, (W), (W), S(f,(8,).fo(F).9, (%))}

Which implies that S (Ps:Tps W) =0, 0= k=1
flprﬂw Rlp and Tlp_

Here completes the proof
Now we give an example to support our result.

Example 2.4: Let E=Npeq parameter set and X = [ﬁr I] be endowed with Soft S-metric space

S(ugvyw)=la—cl+|b—cl+|u—-—wl+|v—wl

Let flP’ g RIP and TIP be four soft self mapping on [X’ S, E)’ define by
o~ o fu B ~ u +

ol = (5), a0 @=(:),

Ry(2.) = (£). 7,0 = (£)..

3

Where f(ltj - [§)B’g(u] - (%)4’

R(u) = (‘) Tu) = {_} and let ®(@) = 35 3 constant mapping.

Obviously fo(X) € T,(X) and g,(¥) < Rw[X). Moreover, the pair Yo Bel and 90T} are soft compatible mappings.

Thus, for each UgsVps W, € SP(X) we have

5 (£(@0 £ 008,@) = 5((2). (). (%))
G -G -¢r

=[3-3]+]3 -3+

~125~


https://www.physicsjournal.net/

International Journal of Physics and Mathematics
15 (=) (=) (=
= as({:)a’(:)a ’(: )3)
15 -~ -~ o
=2 5(R,(0,).R,(8,).T, (®,))
15 o~ -~ . . . .
< — max(S (R, (), Ry (9). T, (%)), 5 (94 (W), 94 (#.), T, (%)),

S (fo(@a). fo(@a) Ry () S (£ (2). £ (85,8, (.) )}

tl

i~ G e —
k=—<1 _
Where B4 . Thus fuf*’ Gp. RlP and T@" satisfy the conditions given in Theorem 2.2 and 0 is the unique common fixed

soft point of for 9 Ry and T,
Now we present the special cases of Theorem 2.2.

Corollary 2.5: Let [X,S, E) be a complete soft S-metric space and let f. = [X’ S’E) - [X’ S, E) are two soft mappings

such that
S(fo(02). £, (93).9,(9,)) £ k max{S(dl,, 0,.W,),S(f, (11,).f,(2,). &),

$(94 (70,9, (%)), S (£ (95), Fo (9) 8, (W2));.

For all 8 PorWe € SP(X) iy DS RS T

Then there exists a unique fixed soft point in SP(X) such that fwtwﬂj — e (Wﬂj - Wﬂ.

Proof: If we take R*P and T«P as identity map on [X’S’E), then from Theorem 2.2 follows that f*P and Z¢ have a unique
common fixed soft point.

R,.T,:(X.5.E) = (%,5.E)

Corollary 2.6: Let [X’S’E) be a complete soft S-metric space and let are two soft

(X,5,E)

continuous mappings onto such that

S(fi,0,,w.) < k max {S[R@[ﬁnjﬁ@[ﬁb],T@[ﬁcj),S[ﬁn,ﬂﬁ,R@[ﬂnj],s[iﬁc,il“rc,T@(ﬁrc]),

S(ﬁb! ﬁblﬁ}cjj},

For all g Uy, W, ESP[XN) with 0<k< I.

R, and T

Then # have a unique common fixed soft point.

Proof: If we take fw and e as identity map on [X’S’E), then from Theorem 2.2 follows that RLP and Ttﬂ have a unique
common soft fixed point.

3. Conclusion

In this work, we introduced a new class of generalized soft contractive conditions and established common fixed soft point results
for four self-mappings in soft S-metric spaces. The theoretical findings were further supported with illustrative examples and
corollaries, highlighting the robustness of the proposed framework. These results extend classical fixed point theorems to a more
generalized setting, thereby contributing to the growing field of soft set theory and its applications in handling uncertainties. The
practical relevance lies in potential applications across decision-making, optimization, and computational mathematics where
uncertainty is inherent. Future research may focus on exploring soft fixed point results under weaker conditions, hybrid structures,
and interdisciplinary applications in computer science and engineering.
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