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Abstract

Ellipse is one of the conic sections. It is an elongated circle. It is the locus of a point that moves in such a
way that the ratio of its distance from a fixed point (called Focus) to its distance from a fixed line (called
Directrix) equals to constant ‘e’ which is less than or equal to unity. According to the Keplar’s law of
Planetary Motion, the ellipse has very important role in geometry and the field of Astronomy, since in
universe every planet is orbiting its star in an elliptical path and its star is as one of the foci. The objective
of this research article is to establish few new theorems for mathematical properties for focal distances,
focal chords. Totally 27 properties as theorems have been defined and proved with necessary derivations
& drawings. The mathematical expressions of each theorem have also been given. These theorems will
be very useful as reference to the research scholars to higher level research works in Geometry.

Keywords: Astronomy, planetary motion, ellipse, conic sections, focal distance, eccentricity, eccentric
angle of ellipse, conjugate axis, transverse axis, auxiliary circle, tangent, normal, focus, vertex, conjugate
diameter

Introduction

An ellipse is the set of all points in a plane such that the sum of the distances from two fixed
points called foci is a given constant. Things that are in the shape of an ellipse are said to be
elliptical. In the 17th century, a mathematician Mr. Johannes Kepler discovered that the orbits
along which the planets travel around the Sun are ellipses with the Sun at one of the foci, in his
First law of planetary motion. Later, Isaac Newton explained that this as a corollary of his law
of universal gravitation. One of the physical properties of ellipse is that sound or light rays
emanating from one focus will reflect back to the other focus. The longest and shortest
diameters of an ellipse is called Major axis and Minor axis respectively. The eccentricity of an
ellipse, usually denoted by ¢ or e, is the ratio of the distance between the two foci to the length
of the major axis. A straight line passing an ellipse and touching it at just one point is called
tangent. A straight line which passing through the centre of ellipse is called diameter. A
straight line that passing through the centre of the parallel lines to the diameter ellipse is called
conjugate diameter. The distances between foci and a point of contact by tangent with ellipse
is called focal distances at that point. There are some existing properties of ellipse such as
"sum of focal distances is a constant” (called focal constant), reflection property of focus of the
ellipse, etc.

Theorem- 1
If any two chords PQ & RS which are perpendicular to each other passing through one of its

foci Fy of an ellipse, then the sum of reciprocals of product of PF; & QF; and RFy & SFy is

equal to {&* + b*)/5* which is an arbitrary constant. where, a & b are semi major axis and
semi-minor axis respectively. This can be written mathematically as

( 1 )+( 1 )_ a® +b*
PF, X QF, RF, x SF,)  \ b*

Now an attempt has been made by the Author to develop mathematical properties as theorems
for focal distances using parametric equation of ellipse. The new properties have been derived
mathematically and proven. The geometrical properties, which have been defined in this
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research article is very useful for those doing research works or further study in the field of Astronomy, Conics and Euclidean
geometry, since this is also one of the important properties of an ellipse. This may also be very important to scientists who work in
the field of Optics.

Proof of the theorem- 1

A tangent is drawn at point P of an ellipse. F{& F; are the foci of the ellipse. a & b are the semi-major axis & semi-minor axis
respectively; O is centre of the ellipse. points Q & R are the projection of point P on transverse axis (Christopher Clapham &
James Nicolson, 2009) @ & conjugate axis (Borowski E.J & Borwein J.M, 1991) [, Let, £QF,P = g*, PF, & PF. are pair focal
distances (Borowski E.J & Borwein J.M, 1991) [ at point P. Points T & S are intersection of tangent with transverse axis &
conjugate axis respectively.

Referring fig.1, we know already that OF, = +a* — b* which is called as 'Numerical eccentricity' of ellipse (Borowski E.J &
Borwein J.M, 1991) 11,

Let, PF, is thefocal distance and ~AF,P = B~

h_

a— [-.-'a: — b .:.:.s{ﬂ:]]

PF, = (Ara.Kalaimaran, May, 2025} @ — ——— ————— — — —— — (1.1}

If -AF,P = B* QF,is perpendicular to PF,, = 2AF,R = 90° + p°

'b_
o RF =
Ya- ['-.-'a: — b’ cos(20° + |3=]]
h:
ARF,=— o ____ A

a+ [',-'a: —h? sin{E:]]

If #AF,P = B*.QF, & PF,are collinear. . £AF,Q = (180° + g%)

h_
a — [Va® — b7 cos(180° + p)]

~QF, =

AQF e (1.3)

sAF, P = B QF,is perpendicular to PF,. . £AF 5= 270" 4 g°

h_
SF, = S
Y a— [VaE — 5% cos(270 + 7]
h‘:
ZSF = ———— o _________ (1.4)

a— [-.,.' a®—h? sin'iﬂ:]]

Multiplying egns. (1.1) and (1.3),

b- b-
PR X QF, = (a B Yy EDS{E:]]]X (a + [Va@ =1 EDS{E:J]]

Simplifying the above eqn,
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& PFy % QF, = ——— - -
1 % QF, a” sin” B* + b” cos " "

1 a® sin® B* + b® cos® p° s

“PF, xQF, v (1.5)

Multiplying egns. (1.2) and (1.4),

BF, = 5F —( _h_ ):x:( _h_ )
: flat [VaZ — b7 sinlp)] a — [Va? =17 sin(p?}]

Fig1

. 1 N 1 _ (a*(sin® B° + cos?B°) + b*(cos? B° + sin® B°)
" PF, xQF, RF, xSF; b*

( 1 )+( 1 )_a3+hf
" \PF, xQF, RF, x SF,/  b*

1.7

a’ +b? .
Where, oe is an arbitrary constant (Borowski E. ] & Borwein J.M 1991).

Eqns. (1.7) is mathematical expressions of the theorem.

Theorem- 2
If 1 & Fy are foci of an ellipse respectively, 0F; & OF; are semi-diameter & semi-conjugate diameter respectively, 0@, & OR;
are parametric co-ordinates of point Py similarly 0@, & 'R, are parametric co-ordinates of point £, then

"

P:Fl = P:F: = GP]_

Proof of the theorem- 2 _ _
Referring fig.2, OP; & OP, are pair semi-conjugate diameters each other. If parametric equation of P, = acos(8°), bsin(8°)
then parametric equation of P, will be acos(90—6°), bsin(90—6°). Py F; and P, F; are focal distances of Py from F; & F;
respectively, 0° is the eccentric angle (Henry Burchard Fine & Henry Dallas Thompson, 1909)

Eqn.(1.1) =PF, =a— (\.' a’ —b* x casﬂ”) -

PF, = a+ (vVa® —b% x cos8°) (Ara Kalaimaran, May-2025) 2.2

~ g~
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In right-triangle F1 Q- Ps, £F;Q,P, = 90°

~ parametric equation of P, = asin(8°), bcos(8°)

P,F, =a— (\.' a’ — b® x sin E!”)

2.3
P,F,—a+ (Jaﬂ —bZ xsin E“‘:] i
Multiplying egns. (2.3) and (2.4),
P,F, x P,F, = [a— (\.' a’ —b? x sin E“)] :n: [a+ (\.-' a® —b” X sin E”)]
. P,Fy x P,F, = a% — (a® —b?) x sin® 8°
Simplifying the above eqgn.,
= PoF; % B,F; = a’cos?(8°) + b? sin?(9°) 25
Eqn.(11.3) = OP = /a?cos2(8°) + b2sin? (8°)
(Ara. Kalaimaran, May-2025)
~ OP = alcos2(8°) + bisinZ(6°) 26
Comparing egns. (2.5) and (2.6),
P: Pl X P: F: = ﬁ_ 2.7

Egn. (2.7) is mathematical expression of the theorem.

-Pair conjugate
diameters

Theorem- 3

If a tangent is drawn to ellipse at point P, the tangent intersects the transverse axis at point T and intersect the conjugate axis at S,
similarly a normal is drawn to the ellipse through the point P, the normal intersect the transverse axis at point N and intersect the
conjugate axis at M, then the product of PT, PS, PM, PN is equal to unity. This can be written in mathematical form as

PT x PS5 x PM x PN = (PF, x PE,)*

~10"~
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Proof of the theorem- 3

Referring fig.3, a tangent is drawn at point P of an ellipse. Fy & F- are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. Points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent (Borowski E.J & Borwein J.M, 1991) 1 & sub-normal (Mark D Licker, 2003) [l with respect to transverse axis, RS &
RM are sub-tangent & sub-normal with respect to conjugate axis, OQ & OR are the abscissa (Borowski E.J & Borwein J.M, 1991)
1 & ordinate (Borowski E.J & Borwein J.M, 1991) ™M of point tangent point P on the ellipse respectively, OT & OS are x-
intercept and y-intercept of a tangent drawn at point P for an ellipse respectively.

1. Let, £U0Q = 6° hence £QTU = (90° — 6°), 250V = (90° — 8°), 208V =6°

QU = a, OV = b, parametric equation of ellipse P (x,v) = a cos(8°),b sin(8°)

Fig 3

~ 0Q = acos(8°) 3.1
=~ OR =PQ = bsin(8°) 3.2
= UQ = asin(8°) 3.3
Inright A OQU, 2QTU = (90° — 8°)

. U
sin(8°) = E?
~» UQ = 0U x sin(8°)
=~ UQ = a x sin(8°) 3.4

Inright A QTU,2£QTU = (90° — 8°)

f o __ ooy — E
tan(90° — 8°) = qT

Simplifying the abov_e eqn.,
~» QT = UQ x tan(8°)

Substituting eqn. (3.3) in above,

~11
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sin(8°)
cos(8%)

= QT = asin(8°) x
3 asin®(6°)
"~ cos(@°)

Infig. 3, 0T =00 + QT

Substituting eqn. (3.1) & (3.5) in above,

. asin®(8°)

~ 0T = )+ | ——

acos(8°) ( o6 )
Simplifying the above eqn.,

a

0T =———
cos(8°)

Inright A ORV, 2ROV = (90° — 6°)

tan(90° — 8°) = R
an( =oR
R — OR
"~ tan(8°)

Substituting eqgn. (3.2) in above,
_ bsin(8°)
"~ tan(8®)

~ VR = bcos(8°)

Inright A SRV, £RSV = (8°)

t {'E"}—vR
an{g®) = RS

VR
"~ tan(8°)
Substituting egn. (3.7) in above,

_ beos(8°) cos(8°)
N sin(@8°)

3 bcos3(8°)
~ sin(B®)

Infig. 3,05 = OR+ RS

Substituting egns. (3.2) and (3.8) in above,

hcnsf'[:ﬂ“‘})

05 = bsin(8°) + -
sin(8°) ( sin(8°)

Simplifying the above eqn.,

~12

35

3.6

3.7

3.8
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g b
sin(8°)

Multiplying egns. (3.1) and (3.6),

0Q x OT = acos(8°) x (co El.en})

~0Qx 0T =a’

Multiplying egns. (3.2) and (3.9),

b

OR x 05 = bsin{g=) x —
sin{8°)

~LORx0S=0b?

According to Pythagoras theorem on right A TQP,
PT2= QT2+ PQ?
Substituting eqgns. (3.5) and (3.2) in above,

asin®(8°)

PT== (m) + []JSill{_eD}]'

Simplifying the above eqgn.,

=~ PT? = tan?(0°)[a%sin?(B°) + b? cos46°)]

~ PT = tan(8°),/a%sin?(8°) + bcos2(6°)

. P
Inright A TQP, tan(a®) = Q_?

Substituting eqgn. (3.2) & (3.5) in above

asin® {:E“‘})

tan(a®) = bsin(8®) + ( o5

Simplifying the above eqn.,

tan(a®) = b
A= atan(8°)
e _— , : NQ
Referring fig. 3, in right triangle PQN, tan(o®) = ﬁl

~ NQ = PQ x tan{a®)
» NQ = bsin(8°) x tan(x°®).
Substituting egn. (3.13) in above,

: b
NQ = lJSill{,ED} X (m)

~13~

3.10

3.11

3.12

3.13
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bZcos(8°)

sNO=— -

Q d

According to Pythagoras theorem on right A NQP,

PNZ = NQ? + PQ?

Substituting egn. (3.14) and (3.2) in above eqn.,
. {b*cos(B® : Y-
PNZ = (T}) + {hsin{_ﬂ”]}

Simplifying the above eqn.,

"

, b 2.0e2(
PNZ = a—:(a- sin?(8°) + bZcos2(8°))

B b,/a%sin?(6°) + b? cos?(8°)
- a

~ PN

Multiplying (12.1) & (12.2),

[aZsin?(8°) + b%cos2(8°)] = bsin(8°)

PNxPT= -
acos(8°)

Eqn.(1.1) = PF, =a— (»,,' a? —b? x cnsﬂ”)

Eqn(2.1) =PF,=a+ (\,.' aZ —b® x casﬂ“)

Multiplying these two,

PF, x PF, = [a— (\.-' a’—b* x casﬂ“‘:]] X a+ (\.' a’ —b? x cnsﬂ”)

Simplifying the above eqn.,

PF, x PF; = a®sin*(6°) + b%cos(8°)

Substituting (3.17) in eqgn. (3.16),

[PF, x PF,] x bsin(8°)

~PNxPT= 3
acos(8°)

ON = 0Q — NQ

Substituting eqns. (3.1) & (3.14) in above eqn.,
. bZcos(8°
ON = acos(8°) — (—})
a

Simplifying the above eqn.,

(a2 — b¥)cos(8)
a

~ 0N =

~14~

3.15

3.16

3.17

3.18

3.19
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Referring fig.3,

. ON
In right triangle NOM, » NOM = o". In this right triangle, tan(a®) = ﬁ
_ ON
"~ tan(a®)

Substituting eqn. (3.18) & (3.13) in above eqn.,

oM = ('[,a- —b-]ccs{,fﬂ”}) y atan{6°)
a b

Simplifying the above eqgn.,

(a% — b?)sin(6”)
b

~ 0OM =

In right-triangle NOM, MN? = OM? + ON?

Substituting eqgn. (3.18) and egn. (3.20) in above, we get

MNZ — (‘[_a— - b;}]lsin(_ﬂ"}) N ({_a- - b-}cns{ﬂ”})

Simplifying the above eqn.,

.:MN:={H:—h:F(

~MN =

Referring fig.3, PM = PN + MN
Adding egns. (3.15) and (3.20)

-'-PI'-']=PN+I'-1N=(

Simplifying the above eqn.,

= = =7 B Crd
a./a%sin®{P°) + b cost(B"
ZPM =2 %) )

3.20
a
aZsin?(8°) + b%cos2(8°)
aZbh?
(a® —b?)/a’sin?(6°) + b2 cos?(6°)
ab 3.20
(a? — b?),/a%sin?(8°) + b?cos?(8°) N b,/a%sin?(6°) + bcos?(8°)
ab a
3.21

b
According to Pythagoras theorem on right A SRP,
~ PS2 = RS? + 0Q?

Substituting egns. (3.8) & (3.1) in above,

. bcos?(8° : S

~ P8 = .—} + [El CDS{,ED}]'
sin{8°)

Simplifying the above eqn.,

~ P52 = cot?(8°) [a%sin? (8°) + b? cos3(8°)]
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/aZsin?(B°) + b*cos2(B8°)

Al . .
tan{_ﬂ”} 3.92

~PS=

[a%sin?(8°) + b%cos?(8°)] % acos(B®)

PMxPS = bsin(8°)

Substituting egn. (3.17) in above eqgn.,

[PF, x PF,] x acos(8°)

~PMxPS= 3
bsin (8°) 3.23

Multiplying (3.17) and (3.24)

[PF, x PF.] x bsm{-@—}) y ([FP1 x PF.] x &ees{-@—})

=~ PT x PSx PM x PN = (PF, x PF,)? 3.24

PNXPTXPI'-“IXPS:(

Egn. (3.24) is mathematical expression of the theorem.

Theorem- 4

If points Fi& F; are foci of an ellipse and PF, & PF. are pair focal distances, QT is sub-tangent and QN is sub-normal on
transverse axis through tangent point P, then the product of PF, & PE is equal to product of abscissa of point P and the sum of
sub tangent and sub-normal. In mathematical form

Proof of the theorem- 4

Referring the fig. 13, a tangent is drawn at point P of an ellipse. F1 & F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

) a
Eqn.i3.6) =0T =—+—=
an { } CUS{_ED} 4.1

. (a2 —b?)cos(B®
Egn.(3.18) = ON =- Jcos(8")
a 4.2

Referring the fig.3, NT = OT — ON
Substituting the eqn. (4.1) and (4.2)in above

a (a2 —b?)cos(e®)
T= (ccs{:ﬂ“‘]) B ( a )

Simplifying the above eqn.,

T asin?(8°) + b%cos2(8”)

acos(8°) 4.3

Substituting, acos(8°) = 0Q & substituting egn. (3.17) in above eqn.,

_ PF, xPF,

NT
0Q

~16~
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o _ PF1 X PF,
==
-~ 0Q x NT = PF, x PF, 4.4

Eqn. (4.4) is the mathematical expression of the theorem.

Theorem- 5

If points F1& F; are foci of the ellipse and PF;, & FFE are pair focal distances, RS is sub-tangent and RM is sub-normal on
conjugate axis through tangent point P, then the product of PF; & PE is equal to product of ordinate of point P and the sum of
sub tangent and sub-normal.

Proof for the theorem- 5

Referring the fig.3, a tangent is drawn at point P of an ellipse. F1& F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

. (a% —b?)sin(8°)
Eqn.{124) = OM = - -
qn.(12.4) b 51

In fig.3, M5 = 05 + OM
Substituting eqns. (3.9) and (3.19) in above

b (a% — b?)sin(6°)
- MS = (5111'[:5“']) +( b )

Simplifying the above eqn.,

a’sin?(8°) + b%cos2(8°)
4 MS = -
bsin(8°) 5.2

Substituting, bsin(8°) = OR & substituting egn. (3.17) in above eqn.,

MS = PF, % PF,

~ OR

Simplifying the above eqn.,

~ ORx MS = PF, x PF, 5.3

Eqn. (5.3) is the mathematical expression of the theorem.

Theorem- 6:

If sub-normal is drawn to an ellipse through tangent point P and this normal intersect the conjugate axis at point M, points ¥y & F
are foci of the ellipse and FF & FF-are the pair focal distances, then the ratio of square of PM and product of these pair focal
distances is equal to the ratio of square of semi-major axis and square of semi-minor axis.

PM* ot
PFy X PF, b

(=]

Proof of the theorem- 6

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept

~17
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of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

a,/a’sin’(8°) + b*cos?(8°)

Eqn.(3.21) =PM=
4 b 6.1

.oat o
~PM2 = 0 [aZsin?(8°) + bZcos?(8°)]

Substituting eqn. (3.17) in above eqn.,

-

T
=~ PM* == (PF, x PF,)

b
. PM? _ a®
"PF, xPF, b? 6.4
where, h—: is an arbitrary constant.

Eqn. (6.4) is mathematical expression of the theorem.

Theorem- 7:
If sub-normal is drawn to an ellipse through tangent point P and this normal intersect the transverse axis at point N, points Fy
& F; are foci of the ellipse and PF, & PF, are the pair focal distances, then the ratio of square of PN and product of these pair

focal distances is equal to the ratio of square of semi-minor axis and square of semi-major axis. This can be written in
mathematical form as

PN?
PF % PF,

=] |E‘
] [

Proof of the theorem- 7

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& Fz are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

by/asin?(6°) + b*cos?(8°)
a

Eqn.(3.15) = PN =

A PN = [ - } - { ]]
a~ ; .1

Substituting egn. (3.17) in above eqgn.,

PN2 = ('—J) x PF, X PF,
=)

~ PNZ b7
" PF, xPF, a° 79

Eqn. (7.2) is mathematical expression of the theorem.

~18 "~
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Theorem- 8

If sub-normal is drawn to an ellipse through tangent point P and this normal intersect the transverse axis at point N, points F & Fy
are foci of the ellipse and F £ & PF. are the pair focal distances, then the ratio of product of PN & PT and product of these pair
focal distances is equal to the ratio of ordinate to abscissa of the point P. This can be written in mathematical form as

PNxPT OR
PF, x PF, 00

Proof of the theorem- 8

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

[PF, x PF,] x bsin(8°)

Egn.(3.18) = PN xPT = 2c0s(8%)

~ PNxPT  bsin(8°)
" PF, x PF, acos(8°)

Substituting, bsin(8°) = PQ = OR and acos(8°) = 0Q in above,

PNxPT OR
PF, x PE, 0Q 8.1

Eqn. (8.1) is mathematical expression of the theorem.

Theorem- 9

If sub-normal is drawn to an ellipse through tangent point P and this normal intersect the auxiliary axis at point M, points Fy& Fy
are foci of the ellipse and FF & PFE are the pair focal distances, then the ratio of product of PM & PS and product of these pair
focal distances is equal to the ratio of abscissa and ordinate of the point P. This can be written in mathematical form as

PM xPS  0Q
PF, x PF, OR

Proof of the theorem- 9

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& Fz are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

[PF, x PF,] x acos(6°)

Egqn.(3.23) = PM x PS5 = -
an. ) bsin{8°)

~ PMxPS _ acos(6°)
" PF, x PF,  bsin(8°)

Substituting, acos(8°) = 0Q and bsin{B8°) = PQ = OR in above,

~PMxPS _0Q
" PF, xPF, OR 91

Eqn. (9.1) is mathematical expression of the theorem.
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Theorem- 10:

If points Fy& F; are foci of an ellipse and FF, & PE are the pair focal distances of point P, point P is tangent point on ellipse,
points T & N are intersection of tangent and normal with transverse axis respectively and OQ is abscissa of the tangent point P,
then

PT* + PN? 1
(PF, x PF,)* 0gQ°

Proof of the theorem- 10

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& Fy are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

Eqn.(3.12) = PT = tan(8°)/aZsinZ(8°) + bcos2(8°)

=~ PT2 = tan®(8°) x [aZsin?(0°) + b2cos2(8°)] 101

b,/asin®(6°) + b*cos?(8°)
a

Eqn.(3.15) = PN =

L pNZ— b? x [a%sin? {:E;}:+ b*cos*(® (102)

Adding egns. (10.1) and (10.2)

sin?(8°) % [a%sin?(B°) + b2cos? '[:EI”]]) N (I:F » [aZsin?(B°) + hfccs:{:ﬂ“‘]])

PT2+PN2= ( o769

32

Substituting egn. (3.17) in above eqgn.,

a?sin®(8°) x [PF,; x PF,] + b%cos?(8°) x [PF,; x PF:])

= PTZ+ PN = ( a‘cos?(8°)

Simplifying the above eqn.,

i i PF, x PF,]2
~ PTZ+PN2= (g)

acos?(8°)
Substituting, acos(8°) = 0Q in above,

(PF, x PF,)?

~PT2+PNZ = =
0Q2
_ PT?+PN? 1
(PF, x PF,)2  0Q° 10.2

Eqn. (10.3) is mathematical expression of the theorem.

Theorem- 11

If points F1 & F; are foci of an ellipse and FF, & PF are the pair focal distances of point P, point P is tangent point on ellipse,
points S & M are intersection of tangent and normal with transverse axis respectively and OR is ordinate of the tangent point P,
then

~20~
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P5° + PM° 1
(PF, = PF,)* OFR"

Proof of the theorem- 11

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& Fz are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

5 Troo Gl T oo
. _ a%sin?(8 )+ bcos2(8°)
Egn.(3.22) = PS = tan(6?)

a®sin?(8°) + b%cos2(8°)

~ P52 = —
tan- {_ED} 111

a,/a’sin?(8°) + b?cos?(6°)

Egn.(3.21) =PM= o

a*[a%sin?(8°) + b*cos?(8°)]
b? 11.2

~PM? =

Adding egns. (11.1) & (11.2),

a‘sin?(8°) + b:cas:{:E"}) (a: [a%sin?(8°) + hfccs:{:E“‘}])

PS™+PM7 = ( tan?(8°) b?

Substituting egn. (3.17) in above eqgn.,

PS2 4 PM2 — (PPl ® PP:) a*[PF, % PF,]
~ \ tan?(8°) b?
Simplifying the above eqn.,

(PF, x PF5)?

~PS2 4+ PMZI=—+
bZsin?{8°)

Substituting, bsin{8°) = OR in above,

(PF, x PF;)?

~P52 4 PMI= 5
OR-
~ PsZ4PMZ 1
(PF, x PF,)?  OR7 113

Egn. (11.3) is mathematical expression of the theorem.

Theorem- 12

If points 1 & F; are foci of an ellipse and P F, & PE are the pair focal distances of point P, point P is tangent point on ellipse,
points T & S are intersection of tangent with transverse axis & conjugate axis respectively, similarly points N & M are
intersection of normal with transverse axis & auxiliary axis respectively, then

0Q x OR
oP

PF, x PF, = ( ] % PT2? + PN? + PS? + PM?

~21
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Proof of the theorem- 12

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

https://www.physicsjournal.net

i PTZ+PN? 1
Egn.(10.3) = - =502
(PF, x PF,)? Q 12.1
) PSZ+PM? 1
Eqn.(11.3) = - e
(PF, x PF,)? 12.2

Adding egns. (12.1) and (12.2),
( PTZ + PN? )+( PSZ + PM? )_ L, 1
(PF; x PF;)? (PF, x PF,)? 0Q*  OR?

( PTZ + PN2 )+( P52+ PM? )_ (ORZ+0Q?)
(PF, x PF,)? (PF, x PF,)? 0Q* x OR*?

Substituting eqn. (14.13) in above,

( PT2 + PN2 )+( P52 + PM?2 )_ OPp2
(PF, x PF,)? (PF, x PF,)? 0Q* x OR?

Simplifying the above eqn.,

IPT3+PN3+P53+PI'-F_( 0P’

(PF; x PF,)* 0Qx0 12.3

Eqn. (12.3) is mathematical expression of the theorem.

Theorem- 13

If a tangent is drawn at point P for an ellipse, OQ & OR are parametric co-ordinates of point P, points T & S are intersection of
tangent with transverse axis & conjugate axis respectively, similarly points N & M are intersection of normal with transverse axis
& conjugate axis respectively, OP & OJ are semi-diameter & semi-conjugate diameter, points F_1 & F_2 are foci of the ellipse,
then

{P.Fl o PF:}:

(QN 4+ QT) x (RM + RS) = 00 x OR

Proof of the theorem- 13

Referring fig.3, a tangent is drawn at point P of an ellipse. F1& F; are the foci of the ellipse. a & b are the semi-major axis &
semi-minor axis respectively, point O is centre of the ellipse. points T & S are the point of intersection of tangent with transverse
axis & conjugate axis respectively, points Q & R are the projection of point P on transverse axis & conjugate axis. QT & QN are
sub-tangent & sub-normal with respect to transverse axis, RS & RM are sub-tangent & sub-normal with respect to conjugate axis,
0OQ & OR are the abscissa & ordinate of point tangent point P on the ellipse respectively. OT & OS are x-intercept and y-intercept
of a tangent drawn at point P for an ellipse respectively, ON & OM are x-intercept and y-intercept of a normal drawn at point P
respectively.

Egqn.(3.14) = NQ b¥cos(6°)
gmn. { 3. = =—
13.1

~9)
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asin®(8°)

cos(8°) 13.2

Egn.(3.5) = QT =

Adding egns. (13.1) and (13.2),

N+ OT = bZcos(8°) . asin®(8°)
QN +QT = a cos(8%)
Simplifying the above egn.,

a%sin? (8°) + b2cos2(8°)
acos(8°) 13.3

QN +QT =

RM = OR + OM
Substituting egns. (3.2) & (3.19) in above,

(a2 — bf}sin{jef*})

~ RM = bsin(8°) + ( -

Simplifying the above eqn.,

3 a‘sin(6°)
b 13.4
. b cos3(8°
Eqn.(3.8) = RS = —}
sin(8°) 13.5

Adding egns. (13.4) and (13.5),

RM 4+ RS — a%sin(B°) N bcos3(8°)
B b sin(6°)

Simplifying the above eqn.,

a%sin?(8°) + b? cos?(8°)

EM+ RS = :
bsin(8°) 13.6

Multiplying egns. (13.3) & (13.6)

(NQ +QT) x (RM +RS) = (a—sm-{_ﬂ )+ b?cos?(8 }) (a—sm—{_ﬂ ) + b? cos?(8 })

acos(8°) bsin(8°)

Substituting acos(8°) = 0Q, bsin(8°) = OR and substituting egn. (3.17) in above eqn.,

PF, x PP:) (PPl X PP:)
X
0Q OR

(PF, x PF,)?
0Q x OR 137

(NQ +QT) x (RM +RS) = (

=~ (NQ+ QT) x (RM+RS) =

Eqn. (13.7) is mathematical expression of the theorem.

Theorem- 14

In an ellipse, if point T & point S are intersection of a tangent at point P with transverse axis & conjugate axis respectively, points
N & M are intersection of normal with transverse axis & conjugate axis respectively, points Q & R are projection of point P on
transverse axis & conjugate axis respectively, OQ & OR are parametric co-ordinates of point P, similarly QT & RS are sub-
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tangent on transverse axis & sub-tangent on conjugate axis respectively, points i & F; are foci of the ellipse, OP & OJ are semi-
diameter & semi-conjugate diameter, then

PE XPF, = PTx PS=PNxPM =0]x 0K=0QxNT = 0OR xM5

= BC®— OP® = (TF, XTE) — PT® = (§F, x 5F,) — P5°

Q OR —_— —_—
= PN x PT % (%:I =PM x PSx (E:I = 0QyPT* + PN* = OR\/P5* + PM-

, 00 = 0Ry —— - - -
VPT x PN = P5 x P} E(TJ#PT'+PN'+P5-+P3-

__ __ {og\
J zrﬂxm_x(?{?] = ,/0Qx OR x (NQ + QT) x (RM + RS)

_ (SF x DR
= b

Proof of the theorem- 14
Referring fig.4,

(i) PF; x PF; = PT x PS (4ra. Kalaimaran,2025) 141
(ii) PF, x PF; = PN x PM (Ara.Kalaimaran,2025) 14.2
(iiii) PF, x PF, = Q] x OK = 0]? (4ra.Kalaimaran, 2025) 143
Mote: O] & OK are equal

(iv) Eqn. (4.4) = PF, x PF; = 0Q X NT "
(v) Eqn. (5.3) = PF, xPF; = ORx MS s
(vi)PF, X PF; = BC? — OP? (Ara.Kalaimaran,2025) 146
(vii) PF, x PF, = (TF, X TF,) — PT? (Ara.Kalaimaran,2025) 14.7
(wiii) PF; x PF, = (SF, % SF,) — P5% (Ara Kalaimaran,2025) 148

Mote: SF; & SF5 are equal due to symmetry about conjugate axis.

PNx PT OR

(ix) Eqn. (8.4) = PF, X PE, ~ 0Q

0Q
« PF, % PF, = PN x PT x (—)

OR 14.9
. . PMxPS 0Q
Eqn (94) = ——— — — ——
() Eqn. (94) = ge—5-= 3R
- PF, x PF PMxPSx(GR)
. 1 z= oy
0Q 14.10
- . PT2 + PN?2 1
(xi) Eqn. (10.3) = - — =
(PF, xPF,)?  0Q°
~ PF, X PF, = 0Q,/PT2 + PN? 1411
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L . PSZ + PM? 1

(xii) Eqn. (11.3) = - —=—
{PFJ_ KPF:}_ GR_

~ PF; X PF, = OR{/P5% + PM? 14.12

(xiii) Eqn. (14.3) = PN x PT x PM x PS = (PF, x PF,)?

PFJ_ x, PF: = "u'lIPN X, PT X, PM X, PS 1413

. . PT2+ PN2 4+ PS2 + PM?2 OP 7
(xiv) Eqn. (12.3) = - - = (
(PF, x PF,)? 0Q =0

0Q x OR — _ _ _
~ PF, X PF, = (—) % /PTZ + PN? + PS2 + PM?
oP 14.14
(xv) Eqn. (13.7) = (NQ + QT) x (RM +RS) = (PFy X PFy)’
XV RAR. AL NQ+QTIx{ ~ T 0QxOR
~ PF, x PF, =+/(NQ + QT) x (RM + RS) x 0Q x OR 14.15

Pair focal distances --
from point P

r———-Semi diameter

Conjugate ==
Diameter to OP

Fig 4
Compiling egns. (14.1) to (14.15), it is concluded that the mathematical relation to each other parameters are expressed as
PF; x PE.=PTXxPS=PNxPM=0] x OK=0Q x NT = 0OR x MS = BC? — OP?

_ L . 0Q

OR ¥ Cn ] En ¥
PM x PS x (ﬁ) = 0Q/PT2 + PN? = OR\/PS2 + PM?

{ GQXGR f ] b o =
=yPTxPNxPSx PM= (T) *+PT-+PN-+PS-+ PM-
=, /0QxORx(QN+QT) x(RM+R§) ———————————— (14.16)

Eqgn. (14.16) is the mathematical expression of the theorem.
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Theorem- 15
If points Fy& F; are foci of an ellipse and FF, & PE are the pair focal distances of point P, point P is tangent point on ellipse,
points N & M are intersection of normal with transverse axis & auxiliary axis respectively, then

(PN + PM)? (n: + B )

PFy % PF, \ ab

Proof of the theorem- 15
Referring fig.4,

b,/a?sin?(6°) + bcos2(8°)

Eqn.(3.15) = PN =
a 15.1

a,/a’sin?(8°) + b?cos2(8°)
b 15.2

Eqn.(3.21) = PM=

Adding egns. (15.1) and (15.2),

by/asin?(6°) + I:Fcc:s:'[:lﬂ"}) . (aw-’af sin?(B°) + b? cus:{:ED})
a

PN+ PM =
( ;

Simplifying the above eqn.,

(a? + b?),/asin?(8°) + b cos*(6°)
ab

~PN+PM=

Substituting eqgn. (3.17) in above eqn.,

(a2 + b?),/PF, x PF;

PN+ PM =
ab

(PN+PM)ab
n—————— =+ PF; x PF,
(a2 +1b?) Vet -

(PN +PM)2 (af +I:Fj:

PF, x PF, ab 153

Eqn. (15.3) is mathematical expression of the theorem.

Theorem- 16
If tangent TS is drawn to an ellipse at a point P, points T and S are x-intercept & y-intercept of the tangent with transverse axis

and conjugate axis respectively, points F; & F- are foci of the ellipse, OQ & OR are parametric co-ordinates of the point P, then

" ah -
T5" =PF| % PF, (—)
0Q = OR

Proof for the theorem- 16
Referring fig.4,

. a
Egn (36) =20T=—F—
an- i } CDS{_ED] 16.1
Eqn. (3.9) = 0§ = b
qan. 4. N Sill{:ﬂn} 16.2

According to Pythagoras theorem on right & TQS,

~26 "~
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TS® = 0T*+ 08

Substituting eqns. (16.1) & (16.2) in above,

Ts® = (cc:;ﬂ”]): * (sin?ﬂ”})-

Simplifying the above egn.,

,  a’sin®(8°) +b? cos*(8°)

A T8 = — —
sin®(8°) cos?(8°) 16.3
Substituting egn. (3.17) in above eqgn.,
- PF, x PF,
"~ 5in?(8°) cos2(8°)

Simplifying the above eqn.,

ab 2

~ TS? = PF; xPF, x (—
1 ="\ogxo 16.4

Eqn. (16.4) is the mathematical expression of the theorem.

Theorem- 17
If parametric co-ordinates of a point P on an ellipse are [a cos(8°) . bsin{g°)], points N & M are intersection of normal with
transverse axis & conjugate axis respectively, points £y & F; are foci of the ellipse, then

MN x PM (g — B*)?
PF, % PF, b

Proof for the theorem- 17
Referring fig.4,

a,/a’sin?(8°) + b%cos2(6°)

Eqn.(3.21) = PM =
q b 17.1

. (a? — b?),/a%sin?(8°) + bcos2(®°
Eqn.(3.20) = MN = - A\ ") )
ab 17.2

MN x PM = ('[:ﬂ: —b?),/a%sin’ Lﬁ”} + bfcusf{ﬂn}) y (a\,-“af Sin:{:an];;_ B2 CDS:{:BD})
a

Substituting egn. (3.17) in above egn. & simplifying,

 MNxPM _ (a?—b?)

N PPJ_ X PP: N ]J'_ 17.3

Eqn. (17.3) is the mathematical expression of the theorem.

Theorem- 18
If a tangent is drawn at point P for an ellipse, 'R is ordinate of point P, point S is intersection of tangent with conjugate axis,

points F; & F are foci of the ellipse, then

PF, % PF, = {ﬂri}2 x (i—R)

~7
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Proof of the theorem- 18

b

Eqn(5.2) =05=—
qan ( ] Sill{_ﬂn} 18.4

Referring fig. 32. In right triangle F; OS, according to Pythagoras theorem on right- triangle,

SF, =0F, +0S

Substituting, OF; = va® — b? and eqgn. (18.1) in above,
E: = (\.-' a® —b? i + (L):

sin(@°)
Simplifying the above egn.,

. ﬁ: B a’sin?(8°) + b%cos2(8°)
LT sin(8°)

Substituting eqgn. (3.17) in above eqn.,

S PF, x PF,
T T sin?(BY) 18.2

Multiplying both numerator and denominator with b?,

Iﬁ:_P_leP_ngbf
T T B2 xosin?(8°)

Substituting bsin (8°) = OR in above,

2 PF, x PF, x b?
“ShO= e

., (oRY
~ PF, x PF, = (SF,) x (—)
b 18.3

Eqn. (18.3) is mathematical expression of the theorem.

Theorem- 19

If a tangent is drawn at point PIf a tangent is drawn at point P for an ellipse, 0@ & OR are parametric co-ordinates of point P,
points T & S are intersection of tangent with transverse axis & conjugate axis respectively, points F; & F; are foci of the ellipse,
then

0Q\
PFIKPF2=TF1><TF:>< T

Proof of the theorem- 19

. a
Egn(5.2) =20T=——
qn.(5.2) cos(8°) 19.1

Referring fig.4

TF, x TF; = (OT — OF,) x (OT + OF,)

~98~
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-

+ TF, xTF, = (0T - 0F,)

Substituting, OF; = va® — b? and eqn. (32.3) in above,

. T — a :_ .2 _ 1.2 :
..TleTFg—(CDS{:ED}) Ja h)

Simplifying the above eqn.,

a%sin?(8°) + b%cos2(8°)
cos(8°)

~TF, xTF, =

Substituting eqn. (3;17) in above eqn.,
PF, % PF,
cos?(8°) 19.2

~TF, xTF, =

Multiplying both numerator and denominator with a®,

PF, x PF, x aZ

& TF XxTF, = ————
L - a‘cosZ(8°)

Substituting acos(8°) = 0Q in above,

T« TE _ PF; x PF, x a°
i 1 2 — OQ:

_ _ 00\’
o PFJ_ 4 PF: = TPJ_ b 4 TF: x| —

a 19.3

Eqn. (19.3) is mathematical expression of the theorem

Theorem- 20
If a tangent is drawn at point P for an ellipse, 0@ & OR are parametric co-ordinates of point P, points T & S are intersection of

tangent with transverse axis & conjugate axis respectively, points F; & Fs are foci of the ellipse, then

1 F- 1 s 1 r
| +| = = | ————
S.FJ_ TFI PFIKPFE

Proof of the theorem- 20
Referring fig.4

, . 1 sin”(8°)
Reciprocal of eqn.(19.2) = — = =—
SPl_ PFJ_ X PF:

20.1
. : 1 cos2(8%)
Reciprocal of eqn. (20.2) = =— ==
TF, x TF, PF, x PF, 20.2
Adding egns. (20.1) & (20.2),
1 1 sin®(8°) cos>(8°)
5+ — = +

SF, TF xTF, PF xPF, PF xPF,
Simplifying the above eqn.,

~2Qgn~
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1 1.1
" PF, xPF, 3 TF xTF,

20.3

Eqn. (20.3) is mathematical expression of the theorem.

Theorem- 21

If points F; & F- are foci of an ellipse and PF; & PE are the pair focal distances of point P, a tangent TS is drawn at point P on
ellipse, points T is intersection point of the tangent with transverse axis, OQ & OR are abscissa and ordinate of the point P
respectively, a & b are semi-major axis and semi-minor axis respectively, then

. (nxﬂR

PT® = ) X PF; % PF,
b x 0Q

Proof of the theorem- 21
Referring fig.4

Eqn. (3.12) = PT = tan(6°)y/a’sin?(8°) + b?cos?(6°) 11

sin?(8°)[a%sin?(8°) + b2cos2(8°)]
cos2(8°)

"

Multiplying both numerator and denominator by a*b?,

aZb? x [sin?(8°)] x [a%sin%(6°) + bZcos2(8°)]
a’b?[cos?(8°)]

2 PT? =

aZ[b?sin?{8°)] x [a%sin®(8°) + bZcos2(8°)]

~PT2 = - —
b? % [a%cos?(8°)]

Substituting eqgns. (3.2), (3.1) & substituting egn. (3.17) in above eqn.,

_ /axORy
PT-:( ) x PF, x PF,

bx 0Q 21.2

Eqn. (21.2) is mathematical expression of the theorem.

Theorem- 22

If points F; & F- are foci of an ellipse and PF; & PE are the pair focal distances of point P, a tangent TS is drawn at point P on
ellipse, point S is intersection point of the tangent with conjugate axis, OQ & OR are abscissa and ordinate of the point P
respectively, a & b are semi-major axis and semi-minor axis respectively, then

Y b= 0
P55 ( ¢

= ))’(PFJ_KPFE
ax OR

Proof of the theorem- 22

Eqn. (14.8) = PS = cot(8°)y/aZsin?(8°) + bZcos2(8°) 291

cos2(8°)[a%sin?(8°) + bZcos?(8°)]

A P§E = —
5inZ(8°)

Multiplying both numerator and denominator by a*b?,

aZb? % cos2(@°) x [aZsin?(B8°) + bZcos2(8°)]
a®b? x [sin(6°)]

~P§% =
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b? x [a2cos2(8°)] % [a%sin?(8°) + bZcos?(6°)]
aZ x [bZsin?(8°)]

~PSt=
Substituting eqns. (3.1), (3.2) & substituting egn. (3.17) in above eqgn.,

,_ {bx0Qy
P53 = ) % PF, % PF,
ax 0R 22.2

Eqn. (22.2) is mathematical expression of the theorem.

Theorem- 23

In an ellipse, if point T & point S are intersection of a tangent at point P with transverse axis & conjugate axis respectively, points
N & M are intersection of normal with transverse axis & conjugate axis respectively, points Q & R are projection of point P on
transverse axis & conjugate axis respectively, OQ & OR are parametric co-ordinates of point P, similarly QT & RS are sub-

tangent on transverse axis & sub-tangent on conjugate axis respectively, points F; & F; are foci of the ellipse, then

PF, X PF,— py2 » (:—::l = PMZ x (%) o VEONE, _ MNXEN _ pnr (ﬂ):

g g? axOR

= PS* (ﬂxm]:—nﬂf PM ’ = MN*® ( > ):— Exﬁ]
— }{ bxﬂl? :1.1}’{ &L K{ﬂ:_b:]:J.l }': n" - —

__ ooy ] ( b \C (T.S‘}(DQXDR:
- L —_— = i fl-'
_rﬁxrﬁ_x(n)_{Pﬂ.r+P1rJ><ﬂ:+b:] m ]

Proof of the theorem- 23

PNZ b®
— (Ara.Kalaimaran,2025)

® PF, x PF, a

. fa®
' PPJ_ 4 PP: = PN_ X (IJ_:)

23.1
(i) Eqn. (6.4) PM? a’
(Bl = —m————=—
wEan L PF, X PF, b2
. [b?
a PFJ_ X, PF: = PM_ X (_:)
4 23.2
(i) PF, = S XNFo _ 27 ~B%_ ;3 (pra. Kalatmaran, 2025)
111 1= PPJ_ " PP: = El: = &7 LATrd. haualmaran,
NF, x NF,
~PF, X PF,= ——=
2 = 23.3
(iv) X N e (Ara.Kalaimaran, 2025)
1w PFJ_ " PF: =g AT L aiarmarar,
MN x PN
“PF X PFy = ———
: e? 23.4

MN xPM _ (a® —b?)

PF, x PF,  Bb?

(v) Eqn. (17.3) =
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-

~PF % PF,=MNxPMx-——=
1 X PF; (@ —12) 23.5

-

(vi) MN® = b7 (Ara.K alaimaran, 2025)
vl PlePFg_ b Ara. v alatmaran,

. ab -
o PFJ_XPF::MN_ X( )

a® —b? 23.6
. _ (PN+PM)2  [a?+b2\’
i) Eqn. (15.3) = - =
(vit) Eqn. (15.3) = Fp——5 ab
i . ab 2
~ PF, x PF, = (PN + PM}—( _ )
- a- +b- 23.7
(vil) Eqn. (16.4) = TS? PF; x PF, x a’b?
. O :} o= -5 -
viii) Eqn. ( 0QZ % ORZ
S % 0Q x ORy"
~ PF; x PF, = —)
ab 2338
. . — — .—.z2 {ORY
(ix) Eqn.(18.3) = PF, x PF, = (SF, ) x| —
] b 23.9
. . — oqQ\
(x) Eqn. (19.3) = PF, x PF. = TF; xTF, x | —
A 23.10
. . . [axORy
(xi) Eqn.(21.2) = PTZ = (h - oq) % PF, x PF,
. % 0Q\°
e PPJ_ o, PPﬂ = PT_ i )
- ax O0R 23.11
. . % 0Q)°
i) Eqn. (22.2 :‘-(b )KPP-KP'Pn
(xii) Eqn.(22.2) > OR 1 2
- PF, x PF —Psfx(“OR):
R TE b x 0Q 23.12

Compiling eqns. (23.1) o (23.12) it is concluded that the mathematical relation to each other parameters are expressed as:

PF, % PF. = pyz o {E—:I = PM2 {:_) _ NENE, _ MNXBN oo {ﬂ):

b g2 g? ax0R
oo (ax[}R]:_\ﬁ L SR ( ab ]:_ s_ﬂxﬁ):
=P Y hxog T T @ T FEow T e
) ab ¢ (MSx0QxOR\: __ __ (0Q\
E{PN+PM]-><(, jl z( ] = TF, x TF, x —) - ——1(23.13)
a- +b- ab - a
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|42 _ b2
where,e = |———
22

which is called as Linear eccentricity of ellipse (Borowski E.J & Borwein J.M, 1991) [

Eqgn. (23.13) is mathematical expression of the theorem.

Theorem-24
If points Fy & F5 are foci of an ellipse and FF, & PF are the pair focal distances of point P, a & b are semi-major axis & semi-
minor axis respectively, £@0F = @° then

a*sin“(p®) + b* cos” @°

PR, ®xPF, = ———— = ar o
- = afsintle®) + Bleosi(p®)

Pair focal distances--,
a [ERN
from pointP | \

Fig5
Proof for the theorem- 24
Referring fig. 5,

bva® —b® cosep®
PFl =a— ( — — = L =
ya’sin®(@°) + b*cos?(¢°)

) (Ara.Kalaimaran, May, 2025)

24.1
IJ 'IT]J: o
PF.=a +( — '-.-ﬂa- = C?Sq}ﬂ — ) {Ara. Kalaimaran, May, 2025}
Ja%sin®(@°) + b3cos?(p~) 24.2
bva® —b? cosg® bva® — b’ cos@®
PP1XPF::|:H_(|I” — ,.,q},.‘_ ):|X|:a+(fq — qq},.'.
Ja’sin®(@®) + b*cos?(@°) JaZsin?(@®) + bZcos?(@°)
Simplifying the above eqn.,
a*sin®(p°) + b*cos? °
 PF, x PE, = & (@7) ¥ bicos” ¢
a’sin® (@) + b®cos?(g®°) 24.3

Eqn. (24.3) is the mathematical expression of the theorem.

Theorem- 25
If points F1& F5 are foci of an ellipse and FF, & PE are the pair focal distances of point P, point T is intersection of tangent at
point P with transverse axis, a & b are semi-major axis & semi-minor axis respectively, £@TF = «® then
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a- b*
PE % PE, = — — - —
L - a® sin(a®) + bicos®(a®)

Proof for the theorem- 25
Referring fig.5,

| (2% — b?)sin?(a®
PF,=a|1— |— Jsin* (o)

— ——— Ara.Kalai an, 2025
\Ja-sin-'[_ct“'}+l:+-cns-'[_u°} (4ra.Kalaimaran )

25.1
| (a% — b?)sin? (a° .
PF.=al|l 1+ |=——== ) — ,,}. (Ara. Kalaimaran,2025)
| @7sin® {(a®) + b%cos(a®)
25.2
Multiplying egns. (25.1) & (25.2),
|I (aZ — b?)sin®(a®) | (a2 —b?)sin® (a®)
PF; x PF-, = 11— | —5—== — * 1+ | ———= —
- 2 a-sin-{a”) + b cos-{x 4 a-sin“la” )+ b cos-io
1 | e) + bcos> (@) | i) + boos? (@)
Simplifying the above eqn.,
» PFy % PF. = a’b’
T 7 aZsin?(a®) + b?cos?(a®) 253

Eqn. (25.3) is the mathematical expression of the theorem.

Theorem- 26
If points F; & F- are foci of an ellipse and PF, & FE are the pair focal distances of point P, a & b are semi-major axis & semi-
minor axis respectively, £@F, P = 5% then

b*[2ala + va® — b7 cos 8°) — b ]

(@ +va? — b7 .:'us_.fj':}:

PF, x PF, =

Proof for the theorem- 26

IJ:

(xix) PF, = — (Ara.Kalaimaran, May, 2025)
a+va® —bcosp® 26.1
b2 )
PF; =2a — ( —— ) (Ara.Kalaimaran, May, 2025)
a++va® —b?cosp® 26.2
Multiplying egns. (26.1) and (26.2),
b2 b2
PPl X PP: = —_—— | 2a — —_——
a++va? —b?cosp® a+va®— b?cosp®
Simplifying the above eqn.,
b*|2ala+vaZ —b? cosp® ) —1b?
o PFJ_ * PF: = [ { ﬁ }: ]
(a+vaZ —b? cosp°) 26.3

Eqn. (26.3) is mathematical expression of the theorem.
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Theorem- 27
If points Fy& F; are foci of an ellipse and PF, & PE are the pair focal distances of point P, a & b are semi-major axis & semi-
minor axis respectively, £U0Q = 6% £QTFP = a® £QF P =F° £P0OQ = @° then

PR X PFE = g*sin*(8°) + b*cos*(6°) = o b

a?zin? [a)+ b cos? (a®)

_ a*sin"(p®) + b* cosT@® b*[2ala + Va¥ — b7 cos B°) — b7
= P ) + P @) - (o4 V=5 eas )

[? (b:{ a+ va® — b’ cos S:})] (a4 va% — b cos 5°)
AT\ 5in?(5%) + blcos2(5%) % a®sin?(5%) + blcos2(5%)

Proof of the theorem- 27
Referring fig. 27,

(i) Eqn. (3.23) = PF, x PF; = asin® (8°) + b? cos?6° 271

a?bh?
aZsin®(«®) + b?cosZ(a®) 27.2

(ii) Eqn. (25.3) = PF, x PF, =

. . a*sin? (@°) + b* cos?@®
(iii) Eqn. (24.1) = PF, x PF, = ¢°) hd

a®sin® (=) + b®cos2(@°) 27.3

b?[2a(a+vaZ — b% cosB) — b?]

(iii) Eqn. (26.3) = PF, x PF, = i
(a+vaZ —bZcosp?)

27.4

Comparing egns. (27.1) o (27.7) it is concluded that the mathematical relation to each other parameters are expressed as:

a’b®

a®gin? (el +b2cos? (a®)

PF, % PF> = 2%5in*(8°) + bicos2(8°) =

a*sin*(g®) + b cos® @* b*[2a(a + va% — b? cosp®) — b7]
FE ) + 0705 @) (3 v =B cosp)’

’(a+va® —b? cos 6°) ? (a +vaT — b7 cos &)
[_ B (Z:sin:@:] +b:cus:(5=]]] * a’sin®(5%) + blcos?(5°)

Eqn. (27.5) is mathematical expression of the theorem.

Conclusion

The author has developed and established 27 new theorems/ geometrical properties among various elements of an ellipse with
necessary derivations and equations, proof of the theorems including appropriate drawings in detail. This article is described the
mathematical relation of Product of pair focal distances of an ellipse with other elements of the ellipse. The mathematical
expression of each theorem has also been given at beginning of the theorem. These theorems, which have been defined in this
article will be very useful for those do research or further study in the field of conics & Euclidean geometry, also very useful as
reference to the research scholars for higher-level research works, since these are also one of the important properties of an
ellipse.
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