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Abstract

The aim of this paper is to introduce rgwa-Tp Fgwa-T,, FgWa-Ts, "gWwa-Regular space
and rgwa- Normal spaces and obtain their properties by utilising rgwia-closed sets and also
presented some characterizations of these spaces.

Keywords: Tgwt-closed sets,Fgwa-Tgspace, Fgw-Tyspace, TGgWa-T2 space, I"Gw-Regular
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1. Introduction

Munshi 28 introduced g-regular and g-normal spaces using g-closed sets of Levine 7],
Maheshwari and Prasad ! introduced the new class of spaces called s-normal spaces using
semi-open sets. It was further studied by Noiri and Popa 3], Dorsett 2 and Arya U], Later,
Benchalli et al. [81 and Shik John "I studied the concept of g*-pre regular, g*-pre normal and
w-normal, w-regular spaces in topological spaces. R. S. Wali and Vijayalaxmi R. Patil
introduced and studied r gw - closed sets, RGW- Continuous and RGWex- Irresolute maps
in Topological spaces.

In this paper, new classes of spaces, namely rgwa-T, rgwa-1,, rgwa-T,, rgwa-
Regular space and rgwa-Normal spaces were introduced and presented some
characterizations of these spaces.

2. Priliminaries

Definition 2.1: A subset A of a space X is called a

1. a-open set Blif A € int (cl(A)) and a-closed set of cl (int(cl(A)) € A.

Semi open set [Tif A < cl (int (A)) & semi closed set if int(cl(A)) SA.

Regular open set 24 if A =int (cl (A)) and a regular closed set if A=cl (int(A)).

Regular a-open set [°1 if there is a regular open set U 3 UCAC acl(U)

Weakly closed set [*31 (briefly, w-closed) if cl(A) €U whenever A €U & U is semi open

in X.

6. Weakly a-closed set [ (briefly, wa-closed) if acl (A) €U whenever A €U & U is w-
open in X.

7. Regular generalized weakly a-closed set ¢! (briefly, rgwa-closed) if if racl (A) €U

whenever ACU & U is weak a-open set in X.

SARE I A

Definition 2.2: A map f: (X, 1)—(Y, o) is said to be

1. Regular-continuous(r-continuous) [1] if f-1(V) is r-closed in X for every closed subset V
of Y.

2. Completely-continuous ™ if f-1(V) is regular closed in X for every closed subset V of Y.

3. Strongly-continuous ®1 if f-1(V) is clopen (both open and closed) in X for every subset V

of Y.

g-Continuous B if f-1(V) is g-closed in X for every closed subset V of Y

w-Continuous 1 if f-1(V) is w-closed in X for every closed subset V of Y

ok
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6. o-Continuous [ if f-1(V) is a-closed in X for every closed subset V of Y.

7. wo-Continuous @ if f-1(V) is wo-closed in X for every closed subset V of Y.
8. Irresolute B1if f-1(V) is semi- closed in X for every semi-closed subset V of Y
9. o-lrresolute Bl if f-1(V) is a-closed in X for everya-closed subset V of Y.

. rgwa-T, rgwa-T,, r gwa-T, Spaces and r gwa-Regular Spaces
Definition 3.1: A topological space X is called argwa-1o if for each pair of distinct points x, y of X, there exists a rgwa-open set G
in X containing one of them and not the other.

Definition 3.2: A topological space X is called a rgwa-1 if for each pair of distinct points x, y of X, there exists two rgwa-open
sets Gy, Gz in X such that XxeGy, y¢Gs, and yeG;, x¢Go.

Definition 3.3: A topological space X is called a rgwa-t, (rgwoa-Hausdorff) if for each pair of distinct points x, y of X there exists
distinct rgwa-open sets H; and H; such that Hi containing x but not y and H, containing y but not x.

Definition 3.4: A topological space X is said to be rgwa-regular if for each closed set F and a point x¢F, there exist disjoint rgwa-
open sets G and H such that FEG and xeH.

Example 3.5: Every discrete space is a ©" gwct-regular space.

Proof: Let (X, D) be any discrete space. Let x € X and F be a closed set such that x & F', as every open set is I gw-open set
in X,then{x} and F are rgwa-open sets in X such thatx € {x}, F € F and {x} NF = 95 . Thus, for allx € Xand each
closed set F, x & F, there exist disjoint " gwa-open sets. Hence X is 7 gwa- regular space.

Theorem 3.6: Every regular space is rgwo-regular space.
Proof: Let X be a regular space. Let F be any closed set in X and xeX such that xgF. Since X is a regular space, there exists a
pair of disjoint open sets G and H such that FEG and xeH. w.k.t.every open sets are rgwa-open, hence X is a rgwa-regular space.

Theorem 3.7: If X is a rgwa-regular space and is discrete space, then X isregular.
Proof: It can be proved as in discrete space every subset of X is both open and closed.

Theorem 3.8: Every a-regularisrgwa-regular space.
Proof: Let X be a a-regular space. Let F be any closed set in X and xeX such that x¢F. By definition, there exists a pair of
disjoint a-open sets G and H such that FEG and xeH. Hence X is a rgwa-regular space as everya-open sets are rgwo-open sets.

Characterization 3.9: The following statements about the topological space are equivalent.

1. Xisargwa- regular space.

2. Foreach x € Xand each open setU containing x there exists anr gwt-opensetV3I x EV c V c I.

3. Foreachx € X and each closed set A not containing x there exist an T gWw - open sets V containing X suchthat ? n 4 = ¢ .

Proof: (i)==(ii), Suppose (i) holds, i.e., Suppose X is a T gwa-regular space, to prove (ii)

e Letx € X and U be an open set containing x, then X — U is a closed set not containing x. Since X ist gwa- regular there
existsrgwa-opensets Vand Wsuchthatx EV,.X —Uc WandV W = 5f> .

e NowVnW=¢=>Vcx-wW=sVcX-W=Vcx-Ww.

e AlSOX—UcW=X-WcX—[X-U=2X-Wcl.

e SOVcX-—-WclU=VcUl.

e Therefore, we have x € IV = ¥V = U. (ii)==>(iii), Suppose(ii) holds to prove (iii).

e Letx € X and A be a closed set not containing x, then X — Ais an open set containing x, therefore from the hypothesis (ii)
there exist an " gwet-open set Vsuchthat xEV EV c X —A =2 x€V,VcX—A4 =2x€V,FnNnA=¢ Thus for
all x € X and for each closed set A not containing x there exist an ¥ gwa-open set V containing x such that VNnAa= Ef’ .
(iii)==(i), Suppose (iii) holds to prove (i), i.e., to prove X is ' gwx- regular.

e Let x EX and A be a closed set such that x & A from (iii) there exist an T gwda-open set V such that x € V" and
PNA=¢ =>x €V and A C X — . Note that V and X — 7 are disjoint " gwa-open sets. Thus, for each x € X
and each closed set A not containing x there exist ¥ gwe-open set V and X — V' such that x € X¥,Ac X —V and
VN (X —TV)=¢.=Xisrgwa-regular space.

Remark 3.10: ¥ gwa-regular space need not be 7 gwa-T,and need not be Fgwa -T, space.
Example 3.11: Consider X= {a, b, c} with topology T={X, 55 , {a}, {b,c}}, Here (X, T) is rgwa-regular space but not ¥ gwa-
T, and also not ¥ gwx -T, space.
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Definition 3.12: A topological space X is said to be " gwa -Tg space if it is " gw- regular and T gwe -T .
Theorem 3.13: Every I gWix -Ty space isI" g Wt -T5 space.

Proof: Let X be rgwe -T3 space then X is ¥gwe- regular and T gwie -T,. To prove X is rgwe -T,. Let X, ¥ € X with
x # ¥.Now x # ¥ = x & {y}, where {y} is closed set. Since X is 7 gwa- regular space there exist ¥ gwa-open sets U and
Vsuchthatx € U, {y} c V,UnNV=¢.=xe U,y eV, UNV =& Thus, Xisrgwa -T, space.

Remark 3.14
1) rgwa-t; = rgwa-T, = rgwa-t; = rgwa-t,
2) Converses are not true in general.

Theorem 3.15: Every subspace of ¥ gwet- regular space is " gwa- regular.

Proof: Let (¥, Ty ) be the subspace of (X, T). x€¥ and F be a closed set in Y such that x & F.= F = ¥ N A, where A is
closed in X. Also x € F = x &€ A. Further x EY C X = x € X. Since X is rgwe-regular, there exist ©gwe-open set
UVinX3x EU,Ac V,UNV =¢.Now consider ¥ N U and ¥ NV clearly by definition Ty, ¥ N U and ¥ NV are
rgwa-open sets in Y. Furtherx EY andxeElU=xe¥YnUAcV=Yndc¥nV =Fc¥n¥V and
(Ynn(¥nvV)=¥YnUnv=Yné$ =¢.Thus ¥ x €Y and each closed set F in Y 3 x & F, there exist r gw-
opensetsinYnamely ¥ NandynvaxevynU,FeynvVand(¥rnn(¥nv)=¢.

Theorem 3.16: T gwa-regularity is a Topological property.

Proof; Let f: X — ¥ be a homeomorphism and X be a rgwa-Regular space, to prove Y is also a " gwe-Regular space. Let
yE ¥ and F be a closed set in Y such that ¥ € F. Since ¥ €Y and f: X — ¥ is onto such that f(x) = y. Also we have
vEF=f(x)eF=f"(f(x))ef'(F)=x € f~'(F). Since f is continuous and F is closed in Y it follows that f~'(F) is
closed in X. hence we have x € X, x & ,1""_f [Fj is a closed set in X. Since X is " gw-Regular there exist " gw t-open sets
UVin Xsuchthat xe U, f(F)cvand U NV = 5f> . It follows that f(U) and f(V) are rgw-open sets in Y. Also we have
x€ U= f(x) € f(U) =y € F(U). Also (v ﬁf(f"f(F]} cf(V)=Fcfv). Further consider

FynF(V) = f(UnV) = f(@) =@. Hence Y is T gwa-regular space.

4. rgwa-Normal Space and mgwa-T,4 Space

Definition 4.1: A topological space X is said to be rgwa-normal if for each pair of disjoint closed sets, A,B in X there exist

rgwa-opensets U, Vin X, suchthatA c U, B cVand UNV = EfJ .

e Example 4.2: Consider X={a, b, c} with topology T={X, 55 , {a}, {b}, {c}, {a b}.{a, c}.{b, c}}, Here (X, T) is rgwa-
Normal Space.

o Example 4.3: Every discrete space is © gw - Normal space.

e Remark 4.4: ¥ gwa- Normal space need not be ¥ gwa- Regular and need not be ¥ gwa-T,.

o Example 4.5: Consider X= {a, b, c} with topology T={X, 55 , {a}, {b}, {a,b}}, Here (X, T) is rgwer-normal space but not
FgwWa-T, and also not Fgwa -T, space.

Definition 4.6: A topological space X is said to be ar gwe T.-space if it is " gwa-Normal and ¥ gwa-T, space.
Theorem 4.7: Every I gw -T-space is " Jwa-Ty space.

Proof: Let X is " gwe -T,-space = X is ¥ gwea-Normal and rgwa-T,;. =To prove X is T gwa-regular. Let x € X and F be
a closed set in X such that x & F. Since X is " gw-T, space, {x} is r gwe-closed set. Therefore, F and {x} are " gwet-closed
sets which are disjoint.

Since X is r gwa-normal by definition their exist  gwa-open sets U,V in X suchthat F c U, {x} c vV, UnV = 0.

Remark 4.8

1. rgwa-T, = rgwa-T; = rgwa-T, = rgwa-T; = rgwa-T,.
2. The converses are not true in general.
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Theorem 4.9: Every normal space is rgwa-normal.

e Proof: Let X be a normal space. Let A and B be a pair of disjoint closed sets in X. Then there exists a pair of disjoint open
sets G and H in X such that ACG and BSH. Hence X is rgwa-normal as every closed sets are rgwa-closed sets.

e Remark 4.10: The converse need not be true in general.

e Theorem 4.11: If X is rgwa-normal and discrete space, then X is normal.

Proof: Let X be a rgwa-normal space. Let A and B be a pair of disjoint closed sets in X. Since X is normal, there exists a pair of

disjoint open sets G and H in X such that ASG and BEH. Hence X is normal as every subset of X are both open and closed.

e Theorem 4.12: Every w-normal is rgwa-normal space.

e Proof: Let X be a w-normal space. Let A and B be a pair of disjoint closed sets in X. Then A and B are w-closed sets in X.
Since X is w-normal, there exists a pair of disjoint open sets G and H in X such that ACG and BSH. Hence X is rgwo-normal
as every open set is rgwa-open set.

Theorem 4.13: Characterization
The following statements about any topological space X are equivalent

1. Xisrgwa-normal space.

2. Foreachclosed set Aandeachopensety s Ac U sanTgwa-opensetysAcvVec ¥ cl.
3. For each pair of disjoint closed sets, A, Bin X an rgwea-opensetU 3 Ac U and TNE =¢.
4

For each pair of disjoint closed sets, A, B in X, there exist " gwa-opensets U, VinXsAc U,BcvVandinvV =¢.

Remark 4.14: T gwa- Normality is not a hereditary property i.e. a subspace of a normal space need not be rgwa-normal.

e Theorem 4.15: Every closed subspace of a  gw-normal space is " gwa-normal.

e Theorem 4.16: 7 gwa-Normality is invariant (preserved) under continuous closed surjections.

e Corollary 4.17: ¥ gwa-Normality is the topological property. i.e., ¥ gwa-Normality is invariant under a homeomorphism.
e Corollary 4.18: ¥ gwa-T,, property is invariant (preserved) under continuous closed surjections.

e Corollary 4.19: ¥ gwa-T,, property is the topological property. i.e., " gwa-Normality is invariant under a homeomorphism.

5. Conclusion
In this paper we have introduced and studied the properties of rgwa-regular and rgwa-Normal spaces. Our future extension is
rgwa- countability in Topological Spaces.
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