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Abstract

In this paper G be the non-abelian metabelian group and denotes the fusion class of element a in G. Fusion class
is an equivalence relation. A group is metabelian group if its commutator group is abelian or if it has an abelian
normal subgroup in which the factor group is also abelian. There are 35 non-Abelian metabelian groups of order
less than or equal to 24. In this paper, we investigate the fusion classes of all non-abelian metabelian groups of
order less than or equal to 24 and the verification has been made through GAP(Groups Algorithm Programming)
software.
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Introduction
Let & be a finite metabelian group, Z,, denotes the cyclic group of ordern, §,, denotes the permutation group of

degree m, I, denotes the dihedral group of order2m, @,, denotes quaternion group. A group is said to be
metabelian if &', the derived subgroup of & is abelian. Much has been investigated about the properties of
metabelian groups in the literature. In paper [, structure of metabelian groups of order upto 24 has been
described. In paper [, the authors studied about the conjugacy classes of metabelian groups of order less tha2 4.
In paper [, 2, automorphisms of some non-abelian groups of order p“are computed. In the present paper, we
shall find the fusion classes of metabelian non-abelian groups of order less than or equal to 24.

In Bl Rehman Abdul described the metabelian groups of order less than or equal to24.

(1) D, =5, 2<ab;a®=b*=1bab=a' >
(2)D, < a,b;ja* =b*=1,bab=a"1=.

(3)@; < a,b:a*=1,b*=a*,aba=b=>.

(4)D. 2<a,b:a®* =b*=1,bab=a!=

(5)Z, 4 Z, %< g, b:a®=b*=1,b"rab=a" =.

(6)A, 2< a,bc:a* =b*=c®*=1,ba=abca=abccb=ac>.
(7)D, 2< a,b:a®* =b*=1,bab=a"!=.
(S)D?Ec‘:a,b:a?=b:=1,bab=a_1:=.

(9)D; < a,b:a® =b*=1,bab=a"!=>.

(10)G 2< a,b:a® =b* =1,bab=a® =.
(11)015 =< ﬂrb:ﬂszly ﬂ4:b:, abao=>b =

-

(12)D, X Z, 2< a,b,c:a* =b* =c*=l,ac=cabc=cbbab=a! =

-

(13)Q; X 2, 2< a,b,c:a* =b*=c*=1,b*=a*ba=a’bhac=cabc=cb =
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(14)Modular — 16 =G 2< a,b:a® =b*=1,ab=ba® =.
(15)BZ<a,b:a*=b*=1,ab=ba® =

(16)K < a,b,c:a* =b*=c*=1l,ab=baac=cach=a’bc =

(17)G,, 2<a,b:a* =b*=(ab ) =1ab’=ba® =

(18)D, &< a,b:a’ =b*=1,bab=a"! =

(19)S; X Zy 2< a,b,c:a®=b*=c*=1,ba=a'bac=cabc=cbh =
(20)(Z2,%X Z,) M Z, 2< a,b,c:a* =b*=c*=1,bc=cbbab=acac=a >
(21)D,, =< a,b:al®=b>=1,bab=a?!=

(22)Fry, 2 Z. ¥ EZ, 2<a,b:a* =b*=1,ba=a b =

(23)Z.%Z, 2<a,b:a*=b*=1bab=a >

(24)Fry, 2 Z, M Z, X< a,b:a® =b" =1,ba=a b* =

(25)D,, 2 <ab:a* =b*=1,bab=a' =

(26)S. X Z, 2< a,b,c:a*=b>=c*=1,a®’ =atLac=cabc=ch =

(27)S; X Z, X Z, 2< a,b,c,d:a® =b* =c*=d*=1,a°> =at,ac=caad=dabc
=cbbd=dbcd=dc =

(28)D, X Z; 2< a,b,c:a®> =b*=c*=1,b° =blLab=baac=ca=>.
(29)0 x Z, 2< a,b,c:a* =c*=1,a*=b%a®* =aYL,bc=chac=ca>.

-

(30)4, x Z, =< a,b,r:,d:a: =pr=c*=d?= l,ab=baca=abcad=daac
4 2
=chbbd=dbcd=dc =

(31)Q, 2 <ab:a*=1,a°*=b*b"lab=a™" =

(32)D,, 2 <ab:a*=b*=1,bab=a' >.

(33)Z, 1 Z, 2 <ab:a*=b°=1bab=az>.

(34) 244 Zg 2<a,b:a® =b*=1,bab™t =a! =

(35) Z, W Q@ 2 <ab,c:a’> =b® =c*> =1,ab = ba, ac =ca,(ch)? =1 =.

Fusion classes of all non-abelian metabelian groups of order less than equal to 24
Fusion classes of groups of order 6
Fusion Classes of D3

D, =5, =< a,b;:a® =b>=1,bab=a ! =
Fusion Classes are

c(1) = {1}

cl(a) = {a,a%}
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cl(b) = {ab, a’bh, b}
So there are 3 fusion classes in D5,

Fusion Classes of groups of order 8
Fusion classes of D

D,=<a,b; a*=b>=1,bab=a !>
Fusion Classes are
cl(1) = {1}

c(a) ={a’;(i,2) =11 <i < 4}

Therefore, there are 4 fusion classes in D ,.
Fusion Classes of 5

Q@ 2= a b:a*=1,b>=a’,aba=5b=
Thus, the fusion classes are

(1) = {1}

cl(a) ={a,b, a®, b?, ab, a® b}

cl(a®) = {a*}
Hence the total number of fusion classes are 3

Fusion Classes of groups of order 10
Fusion Classes of D¢

D.2<ab:a®*=b*=1bab=a"'>
Fusion Classes are

c(1) = {1},

cl(a) ={a’; (i,5) = 1},

cl(b) ={a'b;1 <i < 5}.

So there are 3 fusion classes
Fusion Classes of groups of order 12
Fusion Classes of Z5 > Z,

I, HE, =< ab:a*=b*=1,btab=a’=

Fusion Classes are:

cl(1) = {1},

www.physicsjournal.net
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cl(a) ={a;1<i <3},

c(b)={a'bl;24j,0<i<21<j<3}

cl(b?) = (b%),

cl(ab?) = {a'b%1 <i < 2}.

Hence there are 5 fusion classes
Fusion Classes of 4,

A, =< a,b,c:a® =b*> =¢*=1,ba=ab,ca = abc,ch = ac =
Fusion Classes are:

c(1) ={1},

cl(a) ={a'b’;0<i,j<1, i+j+0)}

cl(c) = {afbf'ck; 0<ij<1, ke {1,2}}.

Thus, total number of fusion classes are 3
Fusion Classes of D¢

D, =< ab:a® =b*=1,bab=a"'=

Fusion Classes are

cl(1) = {1},

a(@ ={a’ €15}

cl(a?) = {af; i€ {2,4}},
cl(a®) = {a’},

cl(b) ={a'b;0 <i < 5}.

Total number of fusion classes are 5
Fusion Classes of groups of order 14
Fusion Classes of D

D, =< ab:a’ =b*=1,bab=a"'=

Fusion Classes are

cl(a)={a;1<i <6},

cl(b) ={a‘'b;0 <i < 6}.
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So there are 3 fusion classes

Fusion Classes of groups of order 16
Fusion classes of Dg

Fusion Classes are

cl(1) ={1},

c(a)={a’;(i,2)=11<i<8},

cl(a®) = {a*,a},

d(a®) = {a*},

cd(b)=a'b;0 <i=<7.

Total number of fusion classes are 5
Fusion Classes of &

G 2= aq,b:a®=b*=1bab=0a* =

Fusion Classes are

(1) ={1},
cl(a)={a’;(2i)=11<i<8},
c(a?) ={a¥;(2,0) =11<i<4),
cl(a®) = {a*},

m={aib;§,ﬂi i ::s},

cl(ab) ={a'b; (2,i)=1,1<i <8}

So there are & fusion classes
Fusion Classes of

Q. 2< a,b:a®=1,a*=b* aba=b=>

Fusion Classes are
cl(1) = {1},

c(a)={a;(2i)=11<i<8},

cl(a®) = {a*,a®},
cl(a*) = {a*},
c(b) ={a'bl;0<i<3, j=13}

Therefore, there are 5 fusion classes

www.physicsjournal.net
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Fusion classes of D, X Z,

-

D, x Z, =< a,b,c:a*=b>=¢c>=1,ac =ca,bc =ch,bab=a™! =

Fusion classes are

cl(1) ={1},

cl(a) = {afcf; ie{1,3}, jE {0,1}},

dA®) = {a*bci0< k<3, 1e{o1}),
cl(c) = {c,a’c},
cl(a?®) = {a*}.

Therefore, there are 5 fusion classes
Fusion classes of (@4 % Z,

Q@ X Z, =< abc:a*=b*=¢c>=1,b"=a* ba=a*bh,ac =ca,bc=ch =

\Fusion classes are

(1) = {1},

cl(a) = {a,a? b, b? ab,ac,a®b,a’c, bc,abe, a*be, a*be},

cl(a?) = {a?},
cl(c) = {c,a’c}.

Total number of fusion classes are 4
Fusion classes of Moedular — 16

Modular — 16 = G =< a,b:a® = b*> = 1,ab = ba® =

Fusion classes are

cl(1) ={1},

d(a) ={a'bi;2ti,1<i<s, jef{o1}},
cl(b) = {b,a*b},

cl(a®) = {a*,a%},

cl(a?b) = {a®b,a®b},

cl(a®) = {a*}.

Total number of fusion classes are &
Fusion classes of B

B2= g b:a*=b*=1,ab = ba® =
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Fusion classes are

cl(1) ={1},

cl(a) = {aﬁ'bf’; ief{13} je {n,z}},

cl(b) = {aﬁb’”; 0<1<3 me {1,3}},

cl(a?) = {a*},

cl(b?) = {b7},
cl(a*b?) = {a’b*}.

Total number of fusion classes are &
Fusion classes of g

KZ<abca*=b>=c*=1,ab=ba,ac =ca,ch = a*bc =

Fusion classes are

cl(1) = {1},

cl(a) = {af; = {1,3}},

m = {b,c,a*b,a’*c, abc, a®bc},
cl(a®) = {a%},

m = {ab, ac, bc,a®b,a’c, a*bc}.

Total number of fusion classes are 5
Fusion classes of Gy 4

G, 2<a,b:a* = b* = (ab)* = 1,ab® = ba® >

Fusion classes are

cl(1) ={1},

cl(a) = {a,a? b, b? ab? a’*b,a’b? a’b?},

cl(a®) = {a*, b},

cl(ab) = {ab,a*b, ab?, a®b?},
cl(a*b?) = {a’b*}.
Total number of fusion classes are 5

Fusion Classes of groups of order 18
Fusion classes of Dg

Dy2< aq,b:a’ =b*=1,bab=a"' >

www.physicsjournal.net
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Fusion Classes are
cl(1) ={1},

cl(a)={a;3ti,1<i<8},
cl(a®) = {ai; = {3,6}},
cl(b) ={a'b;0 <i <8}

Total number of fusion classes are 4
Fusion classes of 55 X £

Sy XZ;2< a,b,c:a® =b*=c¢? =1,ba=a'bac =ca,bc =ch >
Fusion classes are

(1) ={1},

cl(a) = {a’b;0 < j <2},

cl(b) ={a'b;0<j <2},

c(e) ={c;1<k<2},

m= {a"c}': 1<ij< 2},

cl(bc) ={a'bc’;0<i<21<j<2}.

Total number of fusion classes are &
Fusion classes of (Z3 X Z3) ¥ Z,

(Z; X Z3) M E, =< a,b,c:a® =b*=¢*=1,bc =ch,bab=a,cac = a =
Fusion classes are

(1) ={1},

cl(a) ={ab'c/;0 <i,j < 2},

c(b) ={b*c,0<kl<2 k+1=0}
Total number of fusion classes are 3

Fusion Classes of groups of order 20

Fusion classes of D 4:

D,, 2<a,b:a® =b*=1,bab=a"" >
Fusion Classes are

(1) ={1},

cl(a)={a’;2ti54i1<i<10},
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cl(a?) = {a’; 2/i,1 <i <10},
cl(a®) = {a%},

cl(b) ={a‘'b;0 <i < 9}.

Total number of fusion classes are 5.
Fusion classes of F15,

Frya 2 Z. MZ, < a,b:a* = b*> =1,ba=ab® >

Fusion classes are

cl(1) ={1},

cl{a) = {abi:l] =i= 4},
db)y={p;1<j<4}

cl(a®) = {ﬂ:bi: 0=i= 4},
cl(a®) = {a®b;0 =i < 4}.

Total number of fusion classes are
Fusion classes of Zg 1 £,

Z.HE, 2= qa,b:a* =b*=1,bab=a =
Fusion classes are

(1) ={1},

c(a) ={a'b’; i€{13}0<j<4}

cd(b)y={b;1<j=<4}

cl(a®) = {a®},

cl(a*b) = {a:bi: 1=i=< 4}.

Total number of fusion classes are5.

Fusion Classes of groups of order 21

Fusion classes of Fr,,

Fry, 2 Z, AZ; =< a,b:a® =b" =1,ba=ab’ =
Fusion classes are

cl(1) = {1},

cl(a) = {abi:ﬂ o 6},

c(b) ={p’;1<j <6}
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cl(a®) = {a®b; 0 <i < 6}.

Total number of fusion classes are 4
Fusion Classes of groups of order 22

Fusion Classes of D, 4

D, =< abatt =b*=1,bab=a"1'=
Fusion Classes are:

cl(1) = {1},

m={ﬂi:1£i <10},

cl(b) = {a'b;0 < i < 10},

So there are 3 fusion classes
Fusion classes of groups of order 24
Fusion classes of 55 X £,

Sy X Z, =< x,j.:f,z::srEl =y- = z¥=1,x =x L xz=zx,yz=zy >

Fusion classes are

cl(1) = {1},

cd(x)={x51<i<2}

dQy) ={x/yz50<j<2,  kefo2)),

cl(z) ={z%ue{1,3}},

dxz)={x'zi1=i<2,  je{13})

cl(vz) ={xi}rzk:05i = 2, k E{l,E}},

cl(z?) = {z%},
cl(xz?) = {x'z%1 < i < 2}
Total number of fusion classes are 8

Fusion classes of §; X Z, X Z,

Sy XZ, K E, =< ::fj.j.rj.z:,W:::f:i =y =z"-=w-=1,x¥=x"",xz = zx,xw = wx, yz
=ZV, VW = WY, ZW = wzZ =
Fusion classes are

cl(1) ={1},

cl(x) = {xi: 1=i= E},

cd(y)={x’yzFwho<j<20<k 1 <1},
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c(z) ={z*w" 0= uv <1, u+v 0}
cd(xz)={x'z/wh;1<i<20<jk<1  j+k=0}L

Total number of fusion classes are 5
Fusion classes of Dy X Z

D, X Zq E*:‘:x,}r,z:xa =}r4 =z-=1,yv =y L,xv=vx,xz=zx =

Fusion classes are

el(1) = {1},

cl(x) = {xi: 1=i= 2},

A ={:  jef3y)
c(z)={y*z0<k < 3},

c(y?) ={)

cl(xy) = {xi}r-": 1<i<2  jE {1,3}},
cl(xz) = {x"}rjz; 1=i=20=<;= 3},

cl(xy?) = {xi}r:;l <i= 2}.

Total number of fusion classes are 8
Fusion classes of @ X Z

2 1

QX Z e xymxt=zi=1,x =y x¥=x"lyz=zyxz=zx >

Fusion classes are
cl(1) = {1},
cl(x) = {xi}rj; 0<i<30<j< l},

cd(z)={z1<i<2}

cd(xz)={x'yz50<i<30<j<11<k<2(j) #(00),(20)]}

A = (%),
c(x?z)={x*z51<i<1}

So the total number of fusion classes are 6
Fusion classes of A4 X Z,

3

-

Ay XEZ, 2<x,y,z,wix- =y~ =z
=WV, ZW = Wz =

Fusion classes are

www.physicsjournal.net
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cl(1) = {1},

cd(x) ={x'y;0<ij<1, i+j=+0},

cI(w) = (w},

cl(xw) = {x"}rjw; 0<ij=1, i+j+# l]},

c(zw) = {x'y"z"w;0<Im< 1,1<n< 2}

So total number of fusion classes are 6
Fusion classes of @,

@ =< ﬂ;biﬂlz =1, a® = b:,b_lﬂ,b =g 1=
Fusion classes are
(1) = {1},

c(a) ={a1<i<12,(i12) =1},

cl(a?) = {af; i€ {2,10}},

c(@®) ={a’; ie{39}}

cl(a*) = {ﬂ,i; = {4,8}},
(@) = o),
cl(b) ={a’b;0< j< 11}

So total number of fusion classes are 7
Fusion classes of D,

D,, =< a,b:at* =b>=1,bab=a"! =
Fusion classes are
(1) = {1},

cl(a) ={a’;1<i <12,(i,12) =1},

cg(asz{af; iE{E,lD}},
d(@ ={a €39}

c(a®) ={a’; ie{a8}}

cl(a®) = {a®},

www.physicsjournal.net
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cl(b) ={a’b;0 < j < 11}.

So total number of fusion classes are 7
Fusion classes of Z¢ 1 Z,

Fusion classes are
cl(1) ={1},

cl [xj = {xi'};j: iEe {1,3},[] <j< 5}’

-

A ={x*y;  kefo2), 1e{is}

So total number of fusion classes are 7.
Fusion classes of Z 1 Z
M Zg =< xy:ixi=y¥f=1,yxy l=x"1=

Fusion classes are

cl(1) = {1},

cl(x) = {xi: 1=<i< 2},

d(y) ={x*y0sk<2(2)=11<l<8},

A ={v; jefsl)
dG®) =%,
d(xy?) = {xyi1<i<2jefze6}),

c(xy) ={x'y4h1 <i < 2}.

So total number of fusion classes are 7
Fusion classes of Z5 >4 )

-

Z3NQe<xyzmx’=y*=z’=lxy=yxxz=zx(zy)’ =1>

Fusion classes are

www.physicsjournal.net
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() = {1},
() = {x},

cl(y) ={x‘y’”;n£3 <1,

m e {1,5}},

c(z) ={x'¥/z0<i<10<j<5)},

cd(y?) ={';

JE{2,4}}

cd(v)) ={xv30=<i=<1}

cl(xy?) = {I_}F}-; jE {2,4}}

Thus, there are 7 fusion classes

www.physicsjournal.net

Conclusion
Sr. No. Group order |..£1u,t[G]| Number of fusion classes
k(G)
D, 3
D, 4
Q4 24 3
DE 10 20 3
Z,AZ, 12 12 5
A4 12 24 3
56 12 12 5
,f_f]ljr 14 42 3
DB 16 32 5
[ 16 16 6
Qe 16 32 5
D, XZ, 16 64 5
@y X Z, 16 9% 4
Modular — 16 16 16 6
B 16 32 6
K 16 48 5
54,4 16 32 5
Dy 18 54 4
5, K E, 18 12 6
(Z3 X Z) M Z, 18 432 3
Dy, 20 40 5
Fr: o 20 20 5
ZE = Z4 20 40 5
Fry, 21 42 4
D11 22 110 3
S, X Z, 24 24 8
53 WA, W E, 24 144 5
D, X Z, 24 48 6
Q X Z, 24 48 6
,514 WA 24 24 6
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Q12 24

D,, 24 48 7
Z, MZ, 24 48 7
Zy M Z, 24 24 7
Z.71Q 24 48 7

Theorem The bounds of fusion classes of metabelian groups of order less than equal to 24 and given by

3 < k(G) <8.

Proof. Obvious from the observation obtained earlier.
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