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Abstract

In this paper, G be the non-abelian metabelian group and Aut (G denotes the automorphism group of group G.
A group is metabelian group if its commutator group is abelian or if it has an abelian normal subgroupin which
the factor group is also abelian. There are 35 non-Abelian metabelian groups of order less than or equal to 24. In
this study, we investigate the automorphism groups of all non-abelian metabelian groups of order less than or
equal to 24 and the verification has been made through GAP (Groups Algorithm Programming) software.
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Introduction

Let & be a finite metabelian group, £,, denotes the cyclic group of order 1, §,, denotes the permutation group
of degree m, I, denotes the dihedral group of order 212, @,, denotes quatornion group. A group { is said to be
metabelian if G', the derived subgroup of & is abelian. Much has been investigated about the properties of

metabelian groups in the literature. In paper [, structure of metabelian groups of order upto 24 has been
described. In paper ™I, the authors studied about the conjugacy classes of metabelian groups of order less than

24 In paper I 2, automorphisms of some non-abelian groups of order 'p“ are computed. In the present paper,
we shall find the automorphisms of metabelian groups of order less than equal to 24,

In Bl Rehman Abdul described the metabelian groups of order less than or equal to 24
(1) D;=S; =2<ab;a®>=b*=1bab=a?! =.

(2)D, Z<a,b;a* =b*=1,bab=a"!>.

(3)0; =< a, b:a* =1,  =a%,aba=>b =.

(4)D: Z< a,b:a®* =b*=1,bab=a"!>.

(5)Z3xZ, Z2<ab:ac®>=b*=1,b"tab=a’ =.

(6)A, Z=<a,b,c:a’? =b*=c*=1,ba=abca=abc,cb=ac >
(7)Dg Z< a,b:a® =b*=1,bab=a"!>.

(8)D; =2=<ab:a’ =b>=1,bab=a? =.

(9)Dg Z< a,b:a® =b*=1,bab=a"! >

(10)G =Z< a,b:a® =b*>=1,bab = a® >.

(11)Qs =< a,b:a® =1, a*=b% aba=>hb=>.

(12)D, x Z, =< a,b,c:a* =b? =c? =l,ac=cabc=cbbab=a ! =

(13)Q; x Z, =< a,b,cca* =b*=c?*=1,b* =a’,ba=a*bh,ac=cabec=ch >.
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(14)Modular — 16 = G Z< a,b:a® =b*=1,ab=b a® >.

(15)B =< a,b:a* =b*=1,ab =ba® >.

(16)K < a,b,c:a* =b*=c*=1,ab=ba,ac=cach =a*bhc >.

(17)G, 4 Z<a,b:a*=b*=(ab)?*=1,ab’®=ba® =.
(18)Dg =< a,b:a®’ =b>=1,bab=a"! =.

(19)S3 x Z3 2<a,b,c:ca®> =b*=c*=1,ba=a'b,ac=cabc=ch >.
(20)(Z3 x Z3) M Z, 2<a,b,c:a’? =b®*=c*=1,bc=cb,bab=acac=a >.
(21)Dy Z<a,b:at® =b*=1,bab=a"! >.

(22)Fryg 2 Z: 0 Z, =< a,b:a* =b>=1,ba=ab? =.

(23)Z:x Z, Z2<a,b:a*=b*=1,bab=a >.

(24)Fry, 2 Z; 0 Z; =< a,b:a®> =b" =1,ba=ab? =.

(25)D, =< ab:al*=b*=1bab=al>.

(26)S3xZ, =< a,b,c:a®> =b*=c*=1,a>» =al,ac=cabc=ch =.

(27)S3x Z, X Z, =< a,b,c,d:a®> =b* =c?=d?’=1,a® =atac=caad
=dabc=chbd=db,cd=dc >

(28)D, x Z3 Z< a,b,c:a® =b*=c?=1,b* =bY,ab=baac=ca >
(29)Q x Z; =< a,b,c:ca* =c*=1,a> =b%,a’> =al,bec=chac=ca >

(30)4, x Z, 2< a,b,c,d:a> =b* =c®*=d*=1,ab=baca=abcad=daac
=chbd=dbcd=dc>.

BQ,=2<ab:a?=1,a*=b%b"lab=a? =.

(32)D, =< ab:al?=b*=1,bab=al>.

(33)Z;xZ, =< ab:a*=b°*=1,bab=a=>.

(34)Z;xZg Z<ab:a®> =b*=1bab l=a'l=

(35) Zz;xQ=<a,b,c:a’?=b%=c?=1,ab = bq, ac = ca,(ch)?> =1 >.

Automorphisms of all non-abelian metabelian groups of order less than equal to 24
Automorphisms of groups of order 6

Automorphisms of D;
D;=S;2<qb;a®=b*=1bab=a"! >

Any automorphism Y € Aut(D3) sends the generators of D3 a5
a—a;(i,3) =1,

b—ab1<i<3.

Thus,
|Aut(D5)| = 6.
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Automorphisms of Qs
Automorphisms of groups of order 8

Automorphisms of D,
D,=<ab;a*=b*>=1bab=a?>

Any automorphism ¥ € A4 ut(Dy) sends the generators of D4 as
a—-ad;((,2)=11<i<4,

b—-abhbl=i<4

Hence

|Aut(D,)| = 8.

Q; =< ab:a* =1, =a% aba=>b =

Any automorphism ¥ € A4 ut(@3) sends the generators of @3 as
a—abl; i€{013} jE{0,13}, i+j=0,
b—-ab/; i€{0,1,3} jE{0,13}, i+j=0.
Therefore,

|Aut (Q3)| = 24.

Automorphisms of groups of order 10
Automorphisms of Ds

D: =< ab:a®> =b*>=1,bab=a?! >

Any automorphism Y € Aut(Ds) sends the generators of Ds a5
a—a;(i,5) =1,

b—-ab;1<j<5.

Thus,

|Aut (Ds)| = 20.

Automorphisms of groups of order 12
Automorphisms of £3 X Z4

Z3NZ,2<qab:a® =b*=1,b"tab=a* >

Any automorphism ¥ € Aut(Z3 X Z4) sends the generators of Z3 X Z4 as
a—-a:l<i<3,

b—-abl;2tj0=si=21<j=<3.

Thus,

|Aut (Z3 X Z,)| = 12.
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Automorphisms of Ay

A, =< ab,c:a’? =b?>=¢c®>=1,ba=ab,ca =abc,ch = ac >
Any automorphism ¥ € A ut(A4) sends the generators of A4 as
a—abl;0=ij<1 i+j=0,

b—-abl;0=<ij=1, i+j#0,

c—adblck0=ij=1 ke{l2}.

So

|Aut (44)| = 24.

Automorphisms of D¢

D¢ =< a,b:a® =b*=1,bab=a! >

Any automorphism ¥ € A4 ut(De) sends the generators as

a—a: i€{1,5},

b-ab0=<i<S5.

So

|Aut(Dg)| = 12.

Automorphisms of groups of order 14
Automorphisms of D;

D;=<ab:a’ =b?=1bab=a?!>

Any automorphism Y € Aut(D7) sends the generators of D7 as
a—-a:l<i=<6,

b—-ab0=j<6.

So

|Aut (D,)| = 42.

Automorphisms of groups of order 16
Automorphisms of Dg
Any automorphism Y € Aut(Dg) sends the generators of Dg a5

a—a;(i,2)=11<i<S8,

b-db0=<i<7.
So

|Aut(Dg)| = 32.
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Automorphisms of G
G=<ahb:a®=b=1bab=0a®>

Any automorphism Y € Aut(G) sends the generators of G as
a—a;(2,i)=11<i<8§,

b—ab;2/i,0 =i <8.

Thus,

|Aut (G)| = 16.

Automorphisms of Q16

Q16 =< ab:a® =1,a*=b? aba=b>

Any automorphism ¥ € A4 ut(Q16) sends the generators of Q16 as
a—a;(2,i)=11<i<8§,

b-abl;0=i<3, je{13L

Thus,

|Aut (Q1¢)| = 32.

Automorphisms of D4 X Z3

D,xZ, =< a,b,c:a* =b> =c?=1,ac =ca,bc =ch,bab=a! =
Any automorphism ¥ € Aut(Dy X Z3) sends the generators of D4 X Z2 as
a—a'cd; i€{13}, jeE{01}

b—a*bc;0=k=3, 1€{01},

c—amc; me{02}

Hence
|AHt(D4 * Zz)l = 64

Automorphisms of @3 X Z2

Qs xZ, 2<a,b,c:a* =b*=c? =1,b*> =a?,ba=a*bh,ac = ca,bc = ch >
Any automorphism ¥ € Aut(Q3 X Z3) sends the generators of @3 X Zz as

a—ablck: ijef013), k€{01}, i+j=0,

b—-ab™c®;, Ime{013}, ne€{01}, i+j=0,

c—ale; q€{0,2}.
So

|AHt(Q3 X Zz)l - 96
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Automorphisms of Modular — 16

Modular —16 = G =< aq,b:a® = b? = 1,ab = ba® >

Any automorphism Y € Aut(G) sends the generators of G as
a—abl;2ti1=i=8, je{0,1}

b—ab; re€f{04}.

So

|Aut (G)| = 16.

Automorphisms of B

B =< ab:a* =b* =1,ab = ba® >

Any automorphism Y € Aut(B) sends the generators of B 3

a—a'bl; i€{13}, je€{0.2}

b-ab™0=<1<3 me{13}

Thus,

|Aut (B)| = 32.

Automorphisms of K

K =< a,b,c:a* =b?> =c? =1,ab = ba,ac = ca,ch = a’bc >
Any automorphism ¥ € Aut(K) sends the generators of K as @ = a@'; i € {1,3},
b — b,c,a*b,a’c,abc,a’be,

c — b,c,a’b,a’c, abe, a®bc.

So

|Aut (K)| = 48.

Automorphisms of Gyg

Gyy =< a b:a* =b* = (ab)? = 1,ab® = ba® =

Any automorphism Y € Aut(Gya) sends the generators of Gy as

a — a,a>, b,b? ab? a’b,a’b?, a*b?,

b —a,a b, b3 ab?,a’b, a’b?, a3 b2.

Thus,

|A ut (644) | = 32.
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Automorphisms of groups of order 18
Automorphisms of D,

Dy =< a,b:a® =b*=1,bab=a!>

Any automorphism ¥ € Aut(Ds) sends the generators as
a—a;3til<i<s,

b—-ab0=j<8,

So

|Aut(Dg)| = 54.

Automorphisms of $3 X £3

Sy xZ3 =<a,b,c:a®> =b*=c*=1,ba=a hac =ca,bc=ch >
Any automorphism ¥ € Aut(S3 X Z3) sends the generators of 53 X Z3 as
a—a;1<i<2,

b—-ahb0=j=<2

c—oc1<k<2

So

|Aut (S5 X Z3)| = 12.

Automorphisms of (£3 X Z3) X Z;

(Z3 X Z3) NZ, =< a,b,c:a’? =b>=c®>=1,bc =cbh,bab =a,cac = a >
Any automorphism ¥ € Aut((Z3 X Z3) X Z3) sends the generators of (£3 X Z3) X Z3 ag
a—ab'cd;0=i,j<2

b-bkct:0<kl=2 k+1=0,

c—o>bMe"0=mn=2 m+n=0.

So

Automorphisms of groups of order 20
Automorphisms of Do

Do Z<a,b:al®=b>=1,bab=a"! >
Any automorphism Y € Aut(D1o) sends the generators as

a—a;24i,54i,1<i<10,
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b—-ab;1=j=10.
So

|A Ht(Dlﬂ)l = 40,

Automorphisms of FT20

Fryo = Z: X Z, =< a,b:a* =b> =1,ba = ab? >

Any automorphism ¥ € A ut(F120) sends the generators of £720 as
a—ab;0<i<A4,

b-b;1=j=<4

Thus,

|Aut (Fryg)| = 20.

Automorphisms of £5 X Z4

ZsNZ,=<ab:a* =b>=1bab=a >

Any automorphism ¥ € Aut(Zs X Z4) sends the generators of Z5 X Z4 as
a—abl; i€{13}0=j=4

b-bk:1<k=<a

Thus,

|Aut (Z5 X Z,)| = 40.

Automorphisms of groups of order 21
Automorphisms of F121

Fry, 2 Z: X7y 2<a,b:a® =b” =1,ba = ab? >

Any automorphism ¥ € A4 ut(Fra1) sends the generators of F721 as
a—ab:0<i<6,

b-b;1=j<6.

Thus,

|Aut (Fryy)| = 42.

Automorphisms of groups of order 22
Automorphisms of Dy,

D, =<a,b:al* =b?>*=1,bab=a' >

Any automorphism ¥ € A ut(Dy1) sends the generators of D11 as

www.physicsjournal.net
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a—-a;1<i<10,

b—-ab;0=<j=10.
So

|A ut(Dll)l - 11':'

Automorphisms of groups of order 24
Automorphisms of 33 X Z4

S;xZy2<x,yzxdi=yl=z*=1xY=x"lxz=zx,yz =zy >

Any automorphism ¥ € Aut(S3 X Z4) sends the generators of 53 X Zy as
x - xh1l=i<2

yoxlyzk0=j <2, k € {0,2},

z—=z 1e{1,3}

So

|Aut (S5 X Z4)| = 24.

Automorphisms of 33 X Z3 X Z3

Sy X Z, xZ, =< x,y,zw:x> =y =z2=w?=1,x¥ =x"1,xz=zx,xw = wx, yz
=Zy,yW = wy,zw = wz >

Any automorphism ¥ € Aut(S3 X Z3 X Z3) sends the generators of 53 X Z2 X Z3 as
x - xh1l=i<2

yoxlyzkwl0=j<=20=kl=1,

z—=ztw?0<su v =1, u+v=0.

So

|Aut (S3 X Z, X Z5)| = 144.

Automorphisms of D4 X Z3

D,xZy=<x,yzx>=yt=z?=1y? =y Lxy=yx,xz=2zx >
Any automorphism ¥ € Aut(Dy X Z3) sends the generators of D4 X Z3 as
x—-xhl<si<?2,

vyl jE{13}

z—->ykz;0 =k <3.

So

|AHt(D4_ X Zg)l = 16
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Automorphisms of @ X £3:
QXZ;2<x,y,zxt=2=1,x>=yvxY=xlyz=zyxz=zx >

Any automorphism ¥ € Aut(Q X Z3) sends the generators of @ X Z3 as
x—=xy;0=i=30=j=1,

yoxly™m0o<s1<30=m=1,

z—-zk1<k<2.

So

|Aut (Q X Z3)| = 48.

Automorphisms of

Ay X Z5.
Ay X Zy Z2<x,y,z,w:x? =y? =z =w? =1, xy = yx, 2x = Xxyz,Xw = wx, Xz = Zy, yW
= WYV, ZW = Wz >

Any automorphism ¥ € Aut(Ay X Z3) sends the generators of 44 X Z2 as
x> xiyl0=i,j=1, i+j+0,
yvox¥yho<skl=1k+1=+0,
zoxlymzh0sIm=1l1=n<2,

W — w.

So

|Aut (A, X Z5)| = 24.

Automorphisms of Dy

D, =<a,b:a’? =b*>*=1,bab=a' >

Any automorphism Y € Aut(D;2) sends the generators of Dy as
a—a;1<i=<12,(i,12) =1,

b—-ab0=j<11.

So
|A ut (DIZ) | = 48,

Automorphisms of Q12
0=<ab:at?=1,a®*=b*blab=a"! >
Any automorphism ¥ € A ut(Qy2) sends the generators of @12 as

a—a;l<i<12(i,12) =1
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b—-dahb0o=j=11
So

|Aut (Q45)| = 48.

Automorphisms of £6 X Z4
Ze NI, =< x,y:xt=yo =1, yxy=x>

Any automorphism ¥ € Aut(Zs X Z4) sends the generators of Z6 ™ Z4 as
x—>x'y); i€{13},0=j <5,

y—x*yl, k €{0,2}, [ e{1,5}.

So

|Aut(Zy N Z,)| = 48.

Automorphisms of £3 X Zg

ZaXZg =< x,y:x> =y =1, yxy t=x"1>

Any automorphism ¥ € Aut(Zz X Zg) sends the generators of Zz X Zg as
x—xh1lsi=s2,

yvoxyho=sk=2,02D=11<1<8.

So |AHI(ZG ] Zd-)l - 24

Automorphisms of £3 X Q

Z3HNQ 2<x,y,z:x? =y =z =1, xy=vyx,xz=1zx,(zy)* =1 >
Any automorphism ¥ € Aut(Z3 X Q) sends the generators of 23 X € as

X = X,

yoxlymo=sl<1, m € {1,5},
z—-x'yiz;0=i<10=<j<5.

So

|Aut(Z3 x Q)| = 48.
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