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Abstract 
In this paper, some special classes of standard congruence of prime modulus of higher degree are considered for study. The main aim 
was to find a method of finding their solutions. After the rigorous study, it is found that each of the first two congruence have unique 
solution while the second two have exactly three solutions each. The formula/method for solutions obtained is tested by citing numerical 
examples and verified true. Now it is possible to solve the said congruence very easily in the least time. 
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Introduction 
A congruence of the type: 𝑥𝑥𝑛𝑛 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),𝑝𝑝 𝑎𝑎𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝, is called a standard congruence of (higher) degree n. The congruence is 
called solvable if 𝑎𝑎 is nth power residue of p [1]. 
Many more congruence is solved by a number of mathematicians establishing formulae or algorithmic methods. Even then many more 
congruence are yet remain to formulate. The authors have successfully formulated many such congruence [5], [6], [7], [8], [9].  Here, four 
such congruence are considered for solutions. No method or formula is found for their solutions in the literature of mathematics. Without 
using any formula, such congruence become more complicated to find solutions. In [2], Problem-7, page-115, a problem is found:  If 
(𝑎𝑎,𝑝𝑝) = 1, and p is prime such that 𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3), then the congruence:  𝑥𝑥3 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), has the unique solution given by 𝑥𝑥 ≡
𝑎𝑎
2𝑝𝑝−1
3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). Abruptly, an idea of these congruence under consideration come in the authors’ mind. Such type of congruence  𝑎𝑎𝑝𝑝𝑝𝑝: 

   
𝑥𝑥7 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 11) ;  𝑥𝑥11 ≡ 11 (𝑚𝑚𝑚𝑚𝑚𝑚 17);   𝑥𝑥15 ≡ 7 (𝑚𝑚𝑚𝑚𝑚𝑚 23); 𝑥𝑥19 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 29); 
  
And 4𝑥𝑥3 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 5);  𝑥𝑥9 ≡ 5 (𝑚𝑚𝑚𝑚𝑚𝑚 13); 𝑥𝑥13 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 19), 𝑝𝑝𝑒𝑒𝑒𝑒. 
 
These are of the types: 𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑎𝑎𝑎𝑎𝑚𝑚 𝑎𝑎𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝); 

 
 𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝);  𝑎𝑎𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)  𝑝𝑝𝑒𝑒𝑒𝑒. 

 
The authors have tried their best to find the methods of solutions of these congruence and their efforts are presented here in this paper. 
 
Problem-Statements 
The problems are stated in the form of theorems as under 
Theorem-1:  The congruence: 𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),  𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝,𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3), has a unique solution given by  𝑥𝑥 ≡ 𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

Theorem-2:  The congruence: 𝑎𝑎𝑥𝑥
2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),  𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝,𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3), has a unique solution given by  𝑥𝑥 ≡ 𝑎𝑎�3𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

Theorem-3: The congruence:  𝑥𝑥
2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),  𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝 𝑎𝑎𝑎𝑎𝑚𝑚 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3), can be reduced to a standard cubic congruence 

of prime modulus and has exactly three incongruent solutions.   
Theorem-4: The congruence:  𝑎𝑎𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),   𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝 𝑎𝑎𝑎𝑎𝑚𝑚 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3),  can be reduced to a standard cubic 

congruence of prime modulus and hence has exactly three incongruent solutions.   
 
Literature Review 
Proof of Theorem-1 
As 𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3),ℎ𝑝𝑝𝑎𝑎𝑒𝑒𝑝𝑝 𝑝𝑝 − 2 = 3𝑘𝑘 ⇒ 2𝑝𝑝−1

3
= 2𝑘𝑘 + 1,  odd an integer. 
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If 𝑥𝑥 ≡ 𝑝𝑝 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) is a solution of the congruence: 𝑥𝑥
2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), then 

 
𝑝𝑝(2𝑝𝑝−1)/3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑔𝑔𝑝𝑝𝑔𝑔𝑝𝑝𝑎𝑎𝑔𝑔  𝑝𝑝2𝑝𝑝−1 ≡ 𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝).  
 
It can also be written as  𝑝𝑝𝑝𝑝−1. 𝑝𝑝𝑝𝑝−1. 𝑝𝑝 ≡ 𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) which gives 
   
 𝑝𝑝 ≡ 𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 𝑏𝑏𝑏𝑏 𝐹𝐹𝑝𝑝𝑝𝑝𝑚𝑚𝑎𝑎𝑒𝑒′𝑠𝑠 Little Theorem. 
 
Thus, the congruence has unique solution  𝑥𝑥 ≡ 𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
 
Proof of theorem-2 
Consider the second congruence:  𝑎𝑎𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

 If 𝑥𝑥 ≡ 𝑝𝑝 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) is a solution of the congruence: 𝑎𝑎𝑥𝑥
2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),  then 

 

𝑎𝑎𝑝𝑝
2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑔𝑔𝑝𝑝𝑔𝑔𝑝𝑝𝑎𝑎𝑔𝑔 𝑎𝑎𝑎𝑎� 𝑝𝑝

2𝑝𝑝−1
3 ≡ 𝑎𝑎�𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 

 
𝑝𝑝. 𝑝𝑝. 𝑝𝑝2𝑝𝑝−1 ≡ (𝑎𝑎�𝑏𝑏)3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝); where 𝑎𝑎� is the inverse modulo prime p 
 𝑝𝑝. 𝑝𝑝.𝑎𝑎�𝑎𝑎 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)[3]. 
 
It can also be written as  𝑝𝑝𝑝𝑝−1. 𝑝𝑝𝑝𝑝−1. 𝑝𝑝 ≡ 𝑎𝑎�3𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) which gives:  𝑝𝑝 ≡ 𝑎𝑎�3𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 
𝑏𝑏𝑏𝑏 𝐹𝐹𝑝𝑝𝑝𝑝𝑚𝑚𝑎𝑎𝑒𝑒′𝑠𝑠 Little Theorem. 
Thus, the congruence has unique solution  𝑥𝑥 ≡ 𝑎𝑎�3𝑏𝑏3 ≡ (𝑎𝑎�𝑏𝑏)3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
 
Proof of theorem-3 
As 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3),ℎ𝑝𝑝𝑎𝑎𝑒𝑒𝑝𝑝 𝑝𝑝 − 1 = 3𝑘𝑘 ⇒ 2𝑝𝑝+1

3
= 2𝑘𝑘 + 1,  odd an integer. 

Consider the second congruence 𝑥𝑥
2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

If 𝑥𝑥 ≡ 𝑝𝑝 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) is a solution of the congruence, then 
 
𝑝𝑝(2𝑝𝑝+1)/3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑔𝑔𝑝𝑝𝑔𝑔𝑝𝑝𝑎𝑎𝑔𝑔 𝑝𝑝2𝑝𝑝+1 ≡ 𝑏𝑏3. 
 
Then, 𝑝𝑝𝑝𝑝−1. 𝑝𝑝𝑝𝑝−1𝑝𝑝3 ≡ 𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 𝑠𝑠𝑚𝑚, 𝑝𝑝3 ≡ 𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
Therefore, r is a solution of the congruence 𝑥𝑥3 ≡ 𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 𝑏𝑏𝑏𝑏 𝐹𝐹𝑝𝑝𝑝𝑝𝑚𝑚𝑎𝑎𝑒𝑒′𝑠𝑠 𝑇𝑇ℎ𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚.  
But 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3),ℎ𝑝𝑝𝑎𝑎𝑒𝑒𝑝𝑝 𝑒𝑒ℎ𝑝𝑝 congruence has exactly three solutions modulo p and the solutions can be obtained by author’s method 
[4]. 
 
Proof of theorem-4 
Consider the second congruence 𝑎𝑎𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

 
If 𝑥𝑥 ≡ 𝑝𝑝 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) is a solution of the congruence, then 
 
 𝑎𝑎𝑝𝑝(2𝑝𝑝+1)/3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑔𝑔𝑝𝑝𝑔𝑔𝑝𝑝𝑎𝑎𝑔𝑔𝑎𝑎𝑎𝑎� 𝑝𝑝(2𝑝𝑝+1)/3 ≡ 𝑎𝑎�𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)𝑝𝑝. 𝑝𝑝. 𝑝𝑝2𝑝𝑝+1 ≡ (𝑎𝑎�𝑏𝑏)3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)  . 
 
Then, 𝑝𝑝𝑝𝑝−1. 𝑝𝑝𝑝𝑝−1𝑝𝑝3 ≡ (𝑎𝑎�𝑏𝑏)3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 𝑠𝑠𝑚𝑚, 𝑝𝑝3 ≡ (𝑎𝑎�𝑏𝑏)3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
Therefore, r is a solution of the congruence 𝑥𝑥3 ≡ (𝑎𝑎�𝑏𝑏)3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 𝑏𝑏𝑏𝑏 𝐹𝐹𝑝𝑝𝑝𝑝𝑚𝑚𝑎𝑎𝑒𝑒′𝑠𝑠 𝑇𝑇ℎ𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚.  
But 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3),ℎ𝑝𝑝𝑎𝑎𝑒𝑒𝑝𝑝 𝑒𝑒ℎ𝑝𝑝 congruence has exactly three solutions modulo p and the solutions can be obtained by author’s method 
[4]. 
 
Illustrations 
Illustration of theorem-1 by example 
 
Consider 𝑥𝑥7  ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 11)  𝑤𝑤𝑝𝑝𝑒𝑒ℎ 𝑏𝑏 = 3,𝑝𝑝 = 11 𝑔𝑔𝑝𝑝𝑔𝑔𝑝𝑝𝑎𝑎𝑔𝑔 7 = 2.11−1

3
. 

 
Therefore, given congruence is of the type 𝑥𝑥(2𝑝𝑝−1)/3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑎𝑎𝑎𝑎𝑚𝑚 𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3). 
It has a unique solution given by:  𝑥𝑥 ≡ 𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
Hence the solution of given congruence is:  𝑥𝑥 ≡ 33 = 27 ≡ 5 (𝑚𝑚𝑚𝑚𝑚𝑚 11). 
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Verification 
 Substituting 𝑥𝑥 ≡ 5 (mod 11) in the given congruence, we get  
 

57 = 53. 53. 5 = 125.125.5 ≡ 4.4.5 = 80 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 11). 
 
Thus 𝑥𝑥 ≡ 5 (𝑚𝑚𝑚𝑚𝑚𝑚 11) satisfies the given congruence and so it is the unique solution of the said congruence which is proved as before. 
Hence the solution is verified true. 
 
Illustration of theorem-2 by example 
 
Consider the congruence 4𝑥𝑥3 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 5) 𝑤𝑤𝑝𝑝𝑒𝑒ℎ 𝑝𝑝 = 5, 𝑏𝑏 = 3,𝑎𝑎 = 4 giving 3 = 2.5−1

3
. 

 
So, the congruence is of the type: 𝑎𝑎𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 

Then its solution is given by 𝑥𝑥 ≡ 𝑎𝑎�3𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 ). 
Therefore, for this congruence the solution is:  𝑥𝑥 ≡ 4�333 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 ). 
 As we know that  4.4 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 5), hence 𝑎𝑎� = 4,  
 and solution is 𝑥𝑥 ≡ 4333 ≡ 123 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 5). 
 
Verification 
Substituting 𝑥𝑥 ≡ 3 (mod 5) in the above congruence, we get  
 

4.33 = 4.3.3.3 = 108 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 11). 
 
Thus 𝑥𝑥 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 5) satisfies the given congruence and so it is the unique solution of the congruence which is proved as before. Hence 
the solution is verified true. 
 
Illustration of theorem-3 by example:  
Consider the congruence 𝑥𝑥9 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 13) 𝑤𝑤𝑝𝑝𝑒𝑒ℎ 

  
𝑝𝑝 = 13, 𝑏𝑏 = 2, Giving:   9 = 2.13+1

3
. 

 
So, the congruence is of the type 𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑎𝑎𝑎𝑎𝑚𝑚 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3). 

It can be reduced to a cubic congruence: 𝑥𝑥3 ≡ 𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 13) 𝑝𝑝. 𝑝𝑝. 𝑥𝑥3 ≡ 8 (𝑚𝑚𝑚𝑚𝑚𝑚 13). 
It has three solutions which are the members of the residues of 13. 
The residues of 13 are: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 
Their cubes congruent to 13 are: 
1, 8, 1, 12, 8, 8, 5, 5, 1, 12, 5, 12 
Therefore, 𝑥𝑥 ≡ 2, 5, 6 (𝑚𝑚𝑚𝑚𝑚𝑚 13) are the three solutions of the congruence. 
 
Verification:  
Substituting 𝑥𝑥 ≡ 2, 5, 6 (mod 13) in the above congruence, we get 
 

23 ≡ 8, 53 ≡ 8, 63 ≡ 8 (𝑚𝑚𝑚𝑚𝑚𝑚 13). 
 
Thus 𝑥𝑥 ≡ 2, 5, 6 (𝑚𝑚𝑚𝑚𝑚𝑚 13) satisfies the given congruence and so these are the three solution of the congruence which are proved as 
before. Hence the solutions are verified true. 
 
Illustration of theorem-4 by example 
Consider the congruence 3𝑥𝑥9 ≡ 5 (𝑚𝑚𝑚𝑚𝑚𝑚 13) 𝑤𝑤𝑝𝑝𝑒𝑒ℎ 
 
 𝑝𝑝 = 13,𝑎𝑎 = 3, 𝑏𝑏 = 5, Giving: 9 = 2.13+1

3
. 

 
So, the congruence is of the type 𝑎𝑎𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝) 𝑤𝑤𝑝𝑝𝑒𝑒ℎ 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 13). 

It can be reduced to a cubic congruence: 𝑥𝑥3 ≡ 𝑎𝑎�3𝑏𝑏3 (𝑚𝑚𝑚𝑚𝑚𝑚 13)𝑝𝑝. 𝑝𝑝. 𝑥𝑥3 ≡ 9.8 ≡ 7 (𝑚𝑚𝑚𝑚𝑚𝑚 13). 
It has solutions which are the members of the residues of 13. 
The residues of 13 are: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 
Their cubes congruent to 13 are: 
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1, 8, 1, 12, 8, 8, 5, 5, 1, 12, 5, 12 But 7 is not a cubic residue of 13. 
Therefore, the congruence is not solvable. 
 
Conclusion 
In this paper, four congruence are studied and solved. The formulae/methods are tested true by solving suitable examples. 
 It is found that the congruence: 𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝,𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3)  has exactly one solution. It is given b𝑏𝑏   𝑥𝑥 ≡

𝑎𝑎3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝).  
Also, the congruence 𝑎𝑎𝑥𝑥

2𝑝𝑝−1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝, 𝑝𝑝 ≡ 2 (𝑚𝑚𝑚𝑚𝑚𝑚 3)  has exactly one solution. It is also given by :   𝑥𝑥 ≡

𝑎𝑎�3𝑏𝑏3(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝). 
Also, the congruence 𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝, 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3) can be reduced to a standard cubic congruence of prime 

modulus and has exactly three incongruent solutions and can be solved by author’s method. 
Also, the congruence 𝑎𝑎𝑥𝑥

2𝑝𝑝+1
3 ≡ 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝),𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝, 𝑝𝑝 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 3) can be reduced to a standard cubic congruence of prime 

modulus; and has exactly three incongruent solutions and can be solved by author’s method. 
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